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INTRODUCTION. 

M\EIE arts and {ciences have become fo extenfive, 

that to facilitate their acquirement 1s of as 

much importance as to extend their boundaries. 

#) Illuftration, if it does not fhorten the time of 

Pady, will at leaft make it more agreeable. THis Work 

has a greater aim than mere illuftration; we do not intro- 

duce colours for the purpofe of entertainment, or to amufe 

by certain combinations of tint and form, but to aflitt the 

mind in its refearches after truth, to increafe the facilities 

of inftruction, and to diffufe permanent knowledge. If we 

wanted authorities to prove the importance and ufefulnefs 

of geometry, we might quote every philofopher fince the 

days of Plato. Among the Greeks, in ancient, as in the 

{chool of Peftalozzi and others in recent times, geometry 

was adopted as the beft gymnattic of the mind. In fact, 

Euclid’s Elements have become, by common confent, the 

bafis of mathematical fcience all over the civilized globe. 

But this will not appear extraordinary, if we confider that 

this fublime fcience is not only better calculated than any 

other to call forth the fpirit of inquiry, to elevate the mind, 

and to ftrengthen the reafoning faculties, but alfo it forms 

the beft introduction to moft of the ufeful and important 

vocations of human life. Arithmetic, land-furveying, men- 

furation, engineering, navigation, mechanics, hydroftatics, 

pneumatics, optics, phyfical aftronomy, &c. are all depen- 

dent on the propofitions of geometry. 
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Much however depends on the firft communication of 
any fcience to a learner, though the beft and moft eafly 

methods are feldom adopted. Propofitions are placed be- 
fore a ftudent, who though having a fufficient underftand- 

ing, is told juft as much about them on entering at the 
very threfhold of the fcience, as gives him a prepoffeffion 
moft unfavourable to his future ftudy of this delightful 
fubject ; or “* the formalities and paraphernalia of rigour are 
fo oftentatioufly put forward, as almoft to hide the reality. 
Endlefs and perplexing repetitions, which do not confer 
greater exactitude on the reafoning, render the demonftra- 
tions involved and obfcure, and conceal from the view of 
the ftudent the confecution of evidence.” Thus an aver- 
fion is created in the mind of the pupil, and a fubject fo 
calculated to improve the reafoning powers, and give the 
habit of clofe thinking, is degraded by a dry and rigid 
courfe of inftru@tion into an uninterefting exercife of the 
memory. ‘To raife the curiofity, and to awaken the liftlefs 
and dormant powers of younger minds fhould be the aim 
of every teacher; but where examples of excellence are 
wanting, the attempts to attain it are but few, while emi- 
nence excites attention and produces imitation. The object 
of this Work is to introduce a method of teaching geome- 
try, which has been much approved of by many {cientific 
men in this country, as well as in France and America. 
The plan here adopted forcibly appeals to the eye, the moft 
fenfitive and the moft comprehenfive of our external organs, 
and its pre-eminence to imprint it fubjeé& on the mind is 
{upported by the incontrovertible maxim exprefied in the 
well known words of Horace :— 

Segnius irritant animos demiffa per aurem 
Quam que funt ocults Jubjeda fideltbus. 

A feebler imprefs through the ear is made, 
Than what is by the faithful eye conveyed, 
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All language confifts of reprefentative figns, and thofe 

figns are the beft which effect their purpofes with the 

greateft precifion and difpatch. Such for all common pur- 

pofes are the audible figns called words, which are ftll 

confidered as audible, whether addreffed immediately to the 

ear, or through the medium of letters to the eye. Geo- 

metrical diagrams are not figns, but the materials of geo- 

metrical {cience, the object of which is to fhow the relative 

quantities of their parts by a procefs of reafoning called 

Demonftration. This reafoning has been generally carried 

on by words, letters, and black or uncoloured diagrams ; 

but as the ufe of coloured fymbols, figns, and diagrams in 

the linear arts and fciences, renders the procefs of reafon- 

ing more precife, and the attainment more expeditious, they 

have been in this inftance accordingly adopted. 

Such is the expedition of this enticing mode of commu- 

nicating knowledge, that the Elements of Euclid can be 

acquired in lefs than one third the time ufually employed, 

and the retention by the memory is much more permanent; 

thefe facts have been afcertained by numerous experiments 

made by the inventor, and feveral others who have adopted 

his plans. The particulars of which are few and obvious ; 

the letters annexed to points, lines, or other parts of a dia- 

gram are in fact but arbitrary names, and reprefent them in 

the demontftration; inftead of thefe, the parts being differ- 

ently coloured, are made B 

to name themfelves, for 

their forms in correfpond- 

ing colours represent them 

in the demontftration. 

In order to give a bet- 

ter idea of this fyftem, and A ARSENE A AOR AAAI LOTTE TT LLG A NATE a 

of the advantages gained by its adoption, let us take a right 

Cc 

C 
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angled triangle, and exprefs fome of its properties both by 

colours and the method generally employed. 

Some of the properties of the right angled triangle ABC, 

expreffed by the method generally employed. 

1. The angle BAC, together with the angles BCA and 

ABC are equal to two right angles, or twice the angle ABC. 

2. The angle CAB added to the angle ACB will be equal 

to the angle ABC. 

3. The angle ABC is greater than either of the angles 
BAC or BCA. 

4. The angle BCA or the angle CAB is lefs than the 
angle ABC. 

5. If from the angle ABC, there be taken the angle 
BAC, the remainder will be equal to the angle ACB. 

6. Vhe fquare of AC Gs equal to the fum of the {quares 
of AB and BC. 

The fame properties exprefjed by colouring the different parts. 

> we \ -.@ -O. 
That is, the red angle added to the yellow angle added to 
the blue angle, equal twice the yellow angle, equal two 
right angles. 

2 yy i = 
Or in words, the red angle added to the blue angle, equal 
the yellow angle. 

Co y ‘ or = i 

The yellow angle is greater than either the red or blue 
angle. 

A 
Ole 
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. Mach. ®. 
Either the red or blue angle is lefs than the yellow angle. 

Dom Mae. 
In other terms, the yellow angle made lefs by the blue angle 

equal the red angle. 

6. SS ee ee 

That is, the fquare of the yellow line is equal to the fum 

of the fquares of the blue and red lines. 

In oral demonftrations we gain with colours this impor- 

tant advantage, the eye and the ear can be addreffed at the 

fame moment, fo that for teaching geometry, and other 

linear arts and fciences, in claffes, the fyftem is the beft ever 

propofed, this is apparent from the examples juft given. 

Whence it is evident that a reference from the text to 

the diagram is more rapid and fure, by giving the forms 

and colours of the parts, or by naming the parts and their 

colours, than naming the parts and letters on the diagram. 

Befides the fuperior fimplicity, this fyftem is likewife con- 

fpicuous for concentration, and wholly excludes the injuri- 

ous though prevalent practice of allowing the ftudent to 

commit the demonftration to memory; until reafon, and fact, 

and proof only make impreflions on the underftanding. 

Again, when lecturing on the principles or properties of 

figures, if we mention the colour of the part or parts re- 

ferred to, as in faying, the red angle, the blue line, or lines, 

&c. the part or parts thus named will be immediately feen 

by all in the clafs at the fame inftant; not fo if we fay the 

angle ABC, the triangle PFQ, the figure EGKt, and foon; 
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for the letters muft be traced one by one before the ftudents 

arrange in their minds the particular magnitude referred to, 

which often occafions confufion and error, as well as lofs of 

time. Alfo if the parts which are given as equal, have the 

fame colours in any diagram, the mind will not wander 

from the object before it; that is, fuch an arrangement pre- 

fents an ocular demonftration of the parts to be proved 

equal, and the learner retains the data throughout the whole 

of the reafoning. But whatever may be the advantages of 

the prefent plan, if it be not fubftituted for, it can always 

be made a powerful auxiliary to the other methods, for the 

purpofe of introduction, or of a more fpeedy reminifcence, 

or of more permanent retention by the memory. 

The experience of all who have formed fyftems to im- 

prefs facts on the underftanding, agree in proving that 

coloured reprefentations, as pictures, cuts, diagrams, &c. are 

more eafily fixed in the mind than mere fentences un- 
marked by any peculiarity. Curious as it may appear, 
poets feem to be aware of this fat more than mathema- 
ticians ; many modern poets allude to this vifible fyftem of 
communicating knowledge, one of them has thus exprefled 
himfelf: 

Sounds which addrefs the ear are loft and die 
In one fhort hour, but thefe which ftrike the eye, 
Live long upon the mind, the faithful fight 
Engraves the knowledge with a beam of light. 

This perhaps may be reckoned the only improvement 
which plain geometry has received fince the days of Euclid, 
and if there were any geometers of note before that time, 
Euclid’s fuccefs has quite eclipfed their memory, and even 
occafioned all good things of that kind to be affigned to 
him; like A®fop among the writers of Fables. It may 
alfo be worthy of remark, as tangible diagrams afford the 
only medium through which geometry and other linear 
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arts and {ciences can be taught to the blind, this vifible fys- 
tem is no lefs adapted to the exigencies of the deaf and 

dumb. 

Care muft be taken to fhow that colour has nothing to 

do with the lines, angles, or magnitudes, except merely to 

name them. A mathematical line, which is length with- 

out breadth, cannot poffefs colour, yet the junction of two 

colours on the fame plane gives a good idea of what is 

meant by a mathematical line; recolleé&t we are {peaking 

familiarly, fuch a junétion is to be underftood and not the 

colour, when we fay the black line, the red line or lines, &c. 

Colours and coloured diagrams may at firft appear a 

clumfy method to convey proper notions of the properties 

and parts of mathematical figures and magnitudes, how- 

ever they will be found to afford a means more refined and 

extenfive than any that has been hitherto propofed. 

We {hall here define a point, a line, and a furface, and 

demonftrate a propofition in order to fhow the truth of this 

affertion. 

A point is that which has pofition, but not magnitude ; 

or a point is pofition only, abftracted from the confideration 

of length, breadth, and thicknefs. Perhaps the follow- 

ing defcription is better calculated to explain the nature of 

a mathematical point to thofe who have not acquired the 

idea, than the above fpecious definition. 

Let three colours meet and cover a 

portion of the paper, where they meet 

is not blue, nor is it yellow, nor is it 

red, as it occupies no portion of the 

plane, for if it did, it would belong 

to the blue, the red, or the yellow 

part; yet it exifts, and has pofition 

without magnitude, fo that with a little reflection, this junc- 



X1V INTRODUCTION. 

tion of three colours on a plane, gives a good idea of a 

mathematical point. 

A line is length without breadth. With the affiftance 

of colours, nearly in the fame manner as before, an idea of 

a line may be thus given :— 

Let two colours meet and cover a portion of the paper; 

where they meet is not red, nor is it 

blue; therefore the junction occu- 

ples no portion of the plane, and 

therefore it cannot have breadth, but 

only length: from which we can 

readily form an idea of what is meant by a mathematical 

line. For the purpofe of illuftration, one colour differing 

from the colour of the paper, or plane upon which it is 

drawn, would have been fufficient; hence in future, if we 

fay the red line, the blue line, or lines, &c. it is the junc- 
tions with the plane upon which they are drawn are to be 
underftood. 

Surface is that which has length and breadth without 
thicknefs. 

When we confider a folid body 
(PQ), we perceive at once that it 
has three dimenfions, namely :— 
length, breadth, and thicknefs; 
fuppofe one part of this folid (PS) 
to be red, and the other part (QR) 
yellow, and that the colours be 
diftinct without commingling, the 
blue furface (RS) which feparates 
thefe parts, or which is the fame 
thing, that which divides the folid 
without lofs of material, muft be 

San thicknefs, and only poffeffes length and breadth ; 
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this plainly appears from reafoning, fimilar to that juft em- 

ployed in defining, or rather defcribing a point and a line. 

The propofition which we have felected to elucidate the 

manner in which the principles are applied, is the fifth of 

the firft Book. 

In an ifofceles triangle ABC, the 

internal angles at the bafe ABC, 

ACB are equal, and when the fides 

AB, AC are produced, the exter- 

nal angles at the bafe BCE, CBD 

are alfo equal. 

Produce ee 20d een 

make ea re er 

Draw a a ORNS, 

mle Pie 

we have ee 

er and - common : 

ee A-A 

and & — 4 (Bile spi 

Again in YY » . \ . 

————— A » 
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HT -—— 

a DP 

and ~wW oa 

By annexing Letters to the Diagram. 

Ler the equal fides AB and AC be produced through the 

extremities BC, of the third fide, and in the produced part 

BD of either, let any point D be affumed, and from the 

other let AE be cut off equal to AD (B. 1. pred. bet 
the points E and D, fo taken in the produced fides, be con- 

nected by ftraight lines DC and BE with the alternate ex- 

tremities of the third fide of the triangle. 

In the triangles DAC and EAB the fides DA and AC 
are re{pectively equal to EA and AB, and the included 
angle A is common to both triangles. Hence (B. 1. pr. 4s) 
the line DC is equal to BE, the angle ADC to the angle 
AEB, and the angle ACD to the angle ABE; if from 
the equal lines AD and AE the equal fides AB and AC 
be taken, the remainders BD and CE will be equal. Hence 
in the triangles BDC and CEB, the fides BD and DC are 
re{pectively equal to CE and EB, and the angles D and E 
included by thofe fides are alfo equal. Hence (Bor. prog 
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the angles DBC and ECB, which are thofe included by 

the third fide BC and the productions of the equal fides 
AB and AC are equal. Alfo the angles DCB and EBC 

are equal if thofe equals be taken from the angles DCA 

and EBA before proved equal, the remainders, which are 

the angles ABC and ACB oppofite to the equal fides, will 

be equal. 

Therefore in an ifofceles triangle, &c. 
Gree 

Our object in this place being to introduce the fyftem 

rather than to teach any particular fet of propofitions, we 

have therefore fele¢ted the foregoing out of the regular 

courfe. For fchools and other public places of inftruction, 

dyed chalks will anfwer to defcribe diagrams, &c. for private 

ufe coloured pencils will be found very convenient. 

We are happy to find that the Elements of Mathematics 

now forms a confiderable part of every found female edu- 

cation, therefore we call the attention of thofe interefted 

or engaged in the education of ladies to this very attractive 

mode of communicating knowledge, and to the fucceeding 

work for its future developement. 

We hall for the prefent conclude by obferving, as the 

fenfes of fight and hearing can be fo forcibly and inftanta- 

neously addrefled alike with one thoufand as with one, the 

million might be taught geometry and other branches of 

mathematics with great eafe, this would advance the pur- 

pofe of education more than any thing that might be named, 

for it would teach the people how to think, and not what 

to think ; it is in this particular the great error of education 

originates. 
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THE ELEMENTS OF EUCLID. 

BOOK I. 

DEFINITIONS. 

lf 

A point is that which has no parts. 

1 

A /ine is length without breadth. 

III. 

The extremities of a line are points. 

IV. 

A ftraight or right line is that which lies evenly between 
its extremities. 

Vy 

A furface is that which has length and breadth only. 

VI. 

The extremities of a furface are lines. 

Vil. 

A plane furface is that which lies evenly between its ex- 
tremities. 

VITT. 

A plane angle is the inclination of two lines to one ano- 
ther, in a plane, which meet together, but are not in the 
fame direction. 

i 

A plane re@tilinear angle is the inclina- 
tion of two ftraight lines to one another, 
which meet together, but are not in the 
fame ftraight line. 
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X. 

When one ftraight line ftanding on ano- 

ther ftraight line makes the adjacent angles 

equal, each of thefe angles is called a right 

angle, and each of thefe lines is faid to be 

perpendicular to the other. 

XI: 

An obtufe angle is an angle greater 

than a right angle. 

XII. 

XIII. 

An acute angle is an angle lefs than a 

A term or boundary is the extremity of any thing. 

right angle. 

XIV. 

A figure is a furface enclofed on all fides by a line or lines. 

x. 

A circle is a plane figure, bounded 

by one continued line, called its cir- 

cumference or periphery; and hay- 

ing a certain point within it, from 

which all ftraight lines drawn to its 

circumference are equal. 

XVI. 

This point (from which the equal lines are drawn) is 

called the centre of the circle. 
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XNA: 

A diameter of acircle isa ftraight line drawn 

through the centre, terminated both ways 

in the circumference. 

XVIII. 

( \ A femicircle is the figure contained by the 

: ' diameter, and the part of the circle cut off 

a by the diameter. 

ae XIX. 

A fegment of a circle is a figure contained 

by a ftraight line, and the part of the cir- 
A * 
£ PI 

$ : 
% a ; P 

2 cumference which it cuts off. * e 
* + 
& 
"amano? 

Xx. 

A figure contained by ftraight lines only, is called a recti- 

linear figure. 

XXI. 

A triangle is a reétilinear figure included by three fides. 

XXII. 

A quadrilateral figure is one which is bounded 

by four-fides. The ftraight lines 

and to__——<€= connecting the vertices of the 

oppofite angles of a quadrilateral figure, are 

called its diagonals. 

XXIII. 

A polygon is a rectilinear figure bounded by more than 

four fides. 
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XXIV. 

A triangle whofe three fides are equal, is 

faid to be equilateral. 

XXV. 

A triangle which has only two fides equal 

is called an ifofceles triangle. 

ADVI: 

A fcalene triangle is one which has no two fides equal. 

XXVII. 

A right angled triangle is that which 

has a right angle. 

XXVIII. 

An obtufe angled triangle is that which 

has an obtufe angle. E- f 

XXIX. 

An acute angled triangle is that which a | 

has three acute angles. occ 

XXX 

Of four-fided figures, a fquare is that which 

has all its fides equal, and all its angles right 

angles. 
Nel; 

A rhombus is that which has all its fides 

equal, but its angles are not right angles. 

XXXII. 

An oblong is that which has all its 

angles right angles, but has not all its 

fides equal. 

a ee OS 
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XXXII. 

A rhomboid is that which has its op- 

pofite fides equal to one another, 

but all its fides are not equal, nor its 

angles right angles. 
XXXIV. 

All other quadrilateral figures are called trapeziums. 

XXXV. 

Parallel ftraight lines are fuch as are in 

the fame plane, and which being pro- 

duced continually in both directions, 

would never meet. 

POSTULATES: 

I. 

Let it be granted that a ftraight line may be drawn from 
any one point to any other point. 

II. 

Let it be granted that a finite ftraight line may be pro- 

duced to any length in a ftraight line. 

Iil. 

Let it be granted that a circle may be defcribed with any 

centre at any diftance from that centre. 

AXIOMS. 

I 

Magnitudes which are equal to the fame are equal to 
each other. 

Lt 

If equals be added to equals the fums will be equal, 
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III. 

If equals be taken away from equals the remainders will 

be equal. 
TV. 

If equals be added to unequals the fums will be un- 

equal. 
Ves 

If equals be taken away from unequals the remainders 

will be unequal. 
VI. 

The doubles of the fame or equal magnitudes are equal. 

Vil. 

The halves of the fame or equal magnitudes are equal. 

VIII. 

Magnitudes which coincide with one another, or exactly 

fill the fame fpace, are equal. 

IX. 

The whole is greater than its part. 

X. 

Two ftraight lines cannot include a fpace. 

XI. 
All right angles are equal. 

XII. 

If two ftraight lines ( ) meet a third 

ftraight line (————) fo as to make the two interior 

angles ad and a) on the fame fide lefs than 

two right angles, thefe two ftraight lines will meet if 

they be produced on that fide on which the angles 

are lefs than two right angles. 
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The twelfth axiom may be expreffed in any of the fol- 
lowing ways: 

1. Two diverging ftraight lines cannot be both parallel 
to the fame ftraight line. 

2. If a ftraight line interfe@ one of the two parallel 
{traight lines it muft alfo interfeé the other. 

3. Only one ftraight line can be drawn through a given 

point, parallel to a given ftraight line. 
Geometry has for its principal obje¢ts the expofition and 

explanation of the properties of figwre, and figure is defined 
to be the relation which fubfifts between the boundaries of 
{pace. Space or magnitude is of three kinds, linear, fuper- 
fietal, and folid. 

Angles might properly be confidered as a fourth {pecies 
of magnitude. Angular magnitude evidently confifts of 
parts, and muft therefore be admitted to be a {pecies of 
quantity The ftudent muft not fuppofe that the magni- 

tude of an angle is affected by the length 
of the ftraight lines which include it, and 
of whofe mutual divergence it is the mea- 

A 

fure. ‘The vertex of an angle is the point 
where the fides or the /egs of the angle 
meet, as A. 

An angle is often defignated by a fingle letter when its 
legs are the only lines which meet to- 
gether at its vertex. Thus the red and 
blue lines form the yellow angle, which 
in other fyftems would be called the 
angle A. But when more than two 
lines meet in the fame point, it was ne- 
ceflary by former methods, in order to 
avoid confufion, to employ three letters 
to defignate an angle about that point, 
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the letter which marked the vertex of the angle being 

always placed in the middle. Thus the black and red lines 

meeting together at C, form the blue angle, and has been 

ufually denominated the angle FCD or DCF. The lines 

FC and CD are the legs of the angle; the point C is its 

vertex. In like manner the black angle would be defignated 

the angle DCB or BCD. The red and blue angles added 

together, or the angle HCF added to FCD, make the angle 

HCD; and {fo of other angles. 

When the legs of an angle are produced or prolonged 

beyond its vertex, the angles made by them on both fides 

of the vertex are faid to be vertically oppofite to each other : 

Thus the red and yellow angles are faid to be vertically 

oppofite angles. 

Superpofition is the procefs by which one magnitude may 

be conceived to be placed upon another, fo as exactly to 

cover it, or fo that every part of each fhall exactly coin- 

cide. 

A line is faid to be produced, when it is extended, pro- 

longed, or has its length increafed, and the increafe of 

length which it receives is called its produced part, or its 

produétion. 

The entire length of the line or lines which enclofe a 

figure, is called its perimeter. ‘The firft fix books of Euclid 

treat of plain figures only. A line drawn from the centre 

of a circle to its circumference, is called a radius. ‘The 

lines which include a figure are called its /ides. That fide 

of a right angled triangle, which is oppofite to the right 

angle, is called the Aypotenufe. An oblong is defined in the 

fecond book, and called a reéfangle. All the lines which 

are confidered in the firft fix books of the Elements are 

fuppofed to be in the fame plane. 

The fraight-edge and compaffes are the only inftruments, 

(é 
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the ufe of which is permitted in Euclid, or plain Geometry. 

To declare this reftriction is the object of the po/fulates. 

The Axioms of geometry are certain general propofitions, 

the truth of which is taken to be felf-evident and incapable 

of being eftablifhed by demonftration. 

Propofitions are thofe refults which are obtained in geo- 

metry by a procefs of reafoning. There are two f{pecies of 

propofitions in geometry, problems and theorems. 

A Problem is a propofition in which fomething is pro- 

pofed to be done; as a line to be drawn under fome given 

conditions, a circle to be defcribed, fome figure to be con- 

{tructed, &c. 

The /olution of the problem confifts in fhowing how the 

thing required may be done by the aid of the rule or ftraight- 

edge and compaffes. 

The demonftration confifts in proving that the procefs in- 

dicated in the folution really attains the required end. 
A Theorem is a propofition in which the truth of fome 

principle is afferted. This principle muft be deduced from 
the axioms and definitions, or other truths previously and 
independently eftablifhed. To fhow this is the obje@ of 
demonttration. 

A Problem is analogous to a poftulate. 
A Theorem refembles an axiom. 

A Poftulate isa problem, the folution of which is aflumed. 
An Axiom is a theorem, the truth of which is granted 

without demonftration. 

A Corollary is an inference deduced immediately from a 
- propofition. 

A Scholium is a note or obfervation on a propofition not 
containing an inference of fufficient importance to entitle it 
to the name of a corollary. 

A Lemma is a propofition merely introduced for the pur- 
pote of eftablifhing fome more important propofition, 



XXVI1 

SYMBOLS AND ABBREVIATIONS. 

.°. exprefies the word therefore. 

ei ee eee becaufe. 

==) ee ee equal. This fign of equality may 

be read equal to, or zs equal to, or are equal to; but 

any difcrepancy in regard to the introduCtion of the 

auxiliary verbs zs, are, &c. cannot affect the geometri- 

cal rigour. 

=— means the fame as if the words ¢ not equal’ were written. 

[— fignifies greater than. 

= Ae thaD: 

. not greater than. 

. not lefs than. 

is read plus (more), the fign of addition ; when interpofed 

between two or more magnitudes, fignifies their fum. 

— is read minus (/e/s), fignifies fubtraction; and when 

placed between two quantities denotes that the latter 

is to be taken from the former. 

X this fign expreffes the product of two or more numbers 

when placed between them in arithmetic and algebra ; 

but in geometry it is generally ufed to exprefs a red/- 

angle, when placed between “ two ftraight lines which 

contain one of its right angles.” A redfangle may alfo 

be reprefented by placing a point between two of its 

conterminous fides. 

23 3 expreffes an analogy or proportion ; thus, if A, B, C 

and D, reprefent four magnitudes, and A has to 

B the fame ratio that C has to D, the propofition 

is thus briefly written, 

err 

Ae 2 ee DD, 

eeeitemeAe 4, 

(goes Se 

This equality or famenefs of ratio is read, 



xxvil SYMBOLS AND ABBREVIATIONS. 

as Avis to.is-10 1¢-@ tor 

or A is to.B,-as C is to D. 

|| fignifies parallel ro. 

ols 2. 4 perpendicular 70. 

ae . angle. 

a . . right angle. 

(A two right angles, 

IN or N briefly defignates a point. 

C, =, or S) fignifies greater, equal, or lefs than. 
The {quare defcribed on a line is concifely written thus, 

2 

In the fame manner twice the fquare of, is exprefled by 
2 : 

def. fignifies definition. 

POos f2: 2. poftulate. 

ON. wa 3 eNO 

Livipees oa hypothefis. It may be neceflary here to re- 
mark, that the Aypothefis is the condition affumed or 
taken for granted. Thus, the hypothefis of the pro- 
pofition given in the Introduction, is that the triangle 
is ifofceles, or that its legs are equal. 

COMM wianicotaes confiruction. "The conftruétion is the change 
made in the original figure, by drawing lines, making 
angles, defcribing circles, &c. in order to adapt it to 
the argument of the demonftration or the folution of 
the problem. The conditions under which thefe 
changes are made, are as indisputable as thofe con- 
tained in the hypothefis. For inftance, if we make 
an angle equal to a given angle, thefe two angles are 
equal by conftruction. 

0 Ope Dee an Quod erat demonftrandum. 
Which was to be demonftrated. 



CORRIGEND A. Se aD 

Faults to be correéled before reading this Volume. 

PacE 13, line 9, for def. 7 read def. to. 

45, laft line, for pr. 19 read pr. 29. 

54, line 4 from the bottom, for black and red line read blue 

and red line. 

59, line 4, for add black line fquared read add blue line 

fquared. 

60, line 17, for red line multiplied by red and yellow line 

read red line multiplied by red, blue, and yellow line. 

76, line 11, for def. 7 read def. 10. 

81, line 10, for take black line read take blue line. 

105, line 11, for yellow black angle add blue angle equal red 

angle vead yellow black angle add blue angle add red 

angle. 

129, laft line, for circle read triangle. 

141, line 1, for Draw black line read Draw blue line. 

196, line 3, before the yellow magnitude infert M. 





WARE LA aS 

Euclid. 

BOOK I. 

PROPOSTLION-1E -PROBLEM. 

‘NS N a= given finite 

\\ a ftraight line (— 

a) to defcribe an equila- j 

zeral triangle. 

Defcribe 

(poftulate 3.); draw ——= and === (poft.1.). 

then will / \ be equilateral. 

Por ame So ee (def, 15.) 5 

—— (def. 15.), and RE 

= —— (axiom. I.); 

and therefore AN is the equilateral triangle required. 

OED: 



2 BOOK Ic EROPAE kee. 

ae ROMa given point ( iF = 5 to draw a ftraight line equal 
: 5 : 4o 2 given junite Straight 

Draw =ssssse= = (poft. 1.), defcribe 

(pr. 1.), produce == (poft. 

2.), defcribe C) (poft. 3.), and 

(poft. 3.); produce === (poft. 2.), then 

womens if the line required. 

For ——— <= es §— (def. 15.), 

and mm <= (conft.), 9. > 

— cma 
i ceeiatall a 8 (Axe 2i)s DUD dem ic. 

°, ome drawn from the given point (“=== ), 

is equal the given ]in€ ss 

OF. D. 



POOKeT PKOr. WIL HPROB; 

peewee ROM she greater 

Ot | ( seau:) of 

ae] fwo given ftraight 

lines, to cut off a part equal to 

the lef; (——mmmen) 

Dav eee (pr. 2.)3~ deicmbe 

(poft. 3 .), then === —= .o__—- , 



4 BOOK da “PROPS. THees, 

Pee eal fwo triangles 

hy yp have two fides 

\ae of the one 

; refpectively 

equal to two fides of the 

other, ( mommee {0 mma 

and anon 10 commons) and 

the angles ( A and A) 

contained by thofe equal 

Jides alfo equal; then their bafes or their fides (—m_— and 

wm) are alfo equal: and the remaining and their remain- 
ing angles oppofite to equal fides are refpectively equal 

( » = yo and & — 6.. and the triangles are 
equal in every refpedt. 

Let the two triangles be conceived, to be fo placed, that 

the vertex of the one of the equal angles, A or A : 

fhall fall upon that of the other, and ——_<«e< to coincide 
with woe, then will mmm Coincide with aummene if ap- 
plied: confequently ——_—_— will coincide with 3 
or two {traight lines will enclofe a {pace, which is impoffible 

(ax. 10), therefore — —— -_—, y = - 

and & — 6. and as the triangles A ns JA 

coincide, when applied, they are equal in every ref{pect. 

Q. E.D. 



BOOK T OPROP.<). -THEOR. 5 

We N any ifofceles triangle 

ony ¥, s vat if the equal fides 

relied’) be produced, the external 
ae at the bafe are equal, and the 
internal angles at the bafe are alfo 

equal. 

Produce “ssc g and 

mame «= (poft. 2.), take 

ps renee 2): 
draw commecssesss 211] cmasssmen 

Then in PL: A: have, 

Ce ee (conft.) -)5 | oe to 

both, and ———es <= seme (hyp.) Ma a. 

mecca —— ad D = & (7. 4). 

se - om\ we have oe —[ a , 



6 BOOK i, PROPEL -THEOK, 

K ) Sy two angles ( & and ry 

eN are equal, the fides (ommmma oe 

GNd mmo oppofite to them are alfa 

equal. 

For if the fides be not equal, let one 

of them === be greater than the 

other wae g and from it cut off 

ee eee (pr. 3.), draw 

De AY Ay eel ‘ 

(contft.) A <= A (hyp.) and ——e—“_— common, 

.*. the triangles are equal (pr. 4.) a part equal to the whole, 

which is abfurd; .°, neither of the fides mmmmnssen OF 

cmmmeneee is greater than the other, .*, hence they are 

equal 

Oe End). 



BOOK! PROP. Vil. -THEOR. 4 

apne) N the fame bafe (— ), and On 

. t \ the fame fide of it there cannot be two 
: Zz ee having their conterminous 

os womens) at both extremities is 

the bafe, equal to each other. 

When two triangles ftand on the fame bafe, 

and on the fame fide of it, the vertex of the one 

fhall either fall outfide of the other triangle, or 

within it; or, laftly, on one of its fides. 

If it be poffible let the two triangles be con- 

ftructed fo that | then 

eset oee alae 
draw =—m=n== and, 

> = W ors.) 

vi® 
but (pr. 5.) vu 

therefore the two triangles cannot have their conterminous 

which is abfurd, 

fides equal at both extremities of the bafe. 

QO. E.1. 



8 BOOK. “PROPS 1. wae ek 

F two triangles 

have two fides 

of the one re[pec- 

ele tiyely equal to 

two fides of the other 
( — 

and 

and alfo their bafes ( 

— ae), equal; then the 

angles << and <q 

contained by thetr equal fides 

—= semen 

— ne 

are alfo equal. 

If the equal bafes ummm 2d mmmemmmes be conceived 

to be placed one upon the other, fo that the triangles fhall 

lie at the fame fide of them, and that the equal fides 

and ES tonaitikinsdeann 21 ss be con- 

terminous, the vertex of the one mutt fall on the vertex 

of the other; for to fuppofe them not coincident would 

contradict the laft propofition. 

Therefore the fides ccssmumen and Gmiemiemas CIN C COI 

CICENE WIth Sennen 20. Walenta 



BOOK TT. -PROP. 1X--P ROB. 9 

hy. 

Take SS eeeneeneees (pr. a.) re 

draw ames, upon which - 

defcribe V (prt); 

draw oS | 

Becaule a <= (conft.) 

and —_—_< cCOmmon to the two triangles 

21d = <= me (contt.), 

debe 
OND, 



fe) BOOK T. PROPLX, (PROB: 

EH os «given ite freight 
line ( SEER 24 ES Ne 

6QRCRseBeLTeeeseeS Conftruct Fe (pr. I. vs 
gagaerau 

draw ===, making 4q- b> (pro 

Then ——__ = ssss- Dy (piads; 

|) Soe q- & 

and === common to the two triangles. 

Therefore the given line is bifected. 

Oe Ea: 



BOCK Aer hOr. XL PROB; ty 

BAROM a given 

point (<n ), 
in a given 

WS) praight — line 
), to draw 

a perpendicular. 

Take any point («smm=ses= ) in the given line, 

= see (Pr. 3.) cut off 

conftruct nee cor 

draw <assssneuee and it fhall be perpendicular to 

the given line. 

(contt.) For <i 

CE mine (conft.) 

and .-<sssees: common to the two triangles. 

Therefore 4 - ¥ (pr. 8.) 

oo ene ol, mm (def, 10). 

OE. D. 



12 BOOK I, “EPROPS SRE OT: 

PHO draw a 
(0 frraight line 

PU ANE perpendicular 
ae) to a given 

oa indefinite ftraight line 
Oo (eto) from a given 

(point VAN ) without. 

With the given point Pak as centre, at one fide of the 

capable of extending to line, and any diftance 

the other fide, defcribe bE 2 A 

Make commen ,, SSRN (pr. War 

Cra W eee eee AN —mmmemeecan 

then cemssesee Lee, 

For (pr. 8.) fince ——ees = (contt.) 

————=== =¢common to both, 

AN een ma —— (def. 15.) 

Y) < re 
oo 3 wo (def. 10.). 

Oe Ee: 



BOCIeT, PROP. AIH. -fHEOR. 13 

Towa: HEN a /fraight line 

4 El ( ) fanding 
8) upon another firaight 

line ( ) 

makes angles with it; they are 

either two right angles or together 

equal to two right angles. 

If oom be = 0 then, 

lf and & mt (aes (def. 7.), 

But if meee be not .L to ———, 



14 BOOK. “FROPIAG) ao 

| fea y (—aam 77] —- aged $ 

a), / Noe ade tC  hraight 

js point, and at oppofite y; ides of 

it, make with it adjacent angles 

( Le and A equal to 

two right angles; thefe ftraight 

lines lte in one continuous ftraight 

line. 

For, if poffible let meeeg 2nd NOt —o-emommmeme 

be the continuation Of mssnsemenns 

MW. &- 
but by the hypothefis = , = Ay 

_) Bx 3-)3 which is abfurd (ax. 9.). 

mee 4 iS NOt te continuation of , and 

the like may be demonftrated of any other {traight line 

CXCCPpi — , (°, men is the continuation 

OUD, 



BOOKA PROP. AV, -PHEOR, > 

t Re F two right lines (—_— 

ay : and ~mmmes interfect one 

Bm" hee) another, the vertical an- 

cis > td qe eS 

and ae are equal. 

> OD 
4:2-D 
»-4 

In the fame manner it may be {hown that 

@®-@ 
Q.E.D. 



16 BOOK 1 PROP? Xa. Tae 

‘oor: De fide of a 

Ne | Ys z trian- ra ‘ 

=A gle) 
7s produced, the external 

ang le ( Seene ) 1s 

greater than either of the 

internal remote an gles 

Make eee Se ee (BE. 10.) 

Draw —_—_e and produce it until 

= a et oe ee oe SS draw ieee aT 

+ 

os and s) bs Ee RgeEE ED. a SS Se S se ee 

= Joe 

ee 
wed 

In like manner ttvcan be fhowh, that at saseene- 

be produced, . be A: and therefore 

One): 

> - 
(conft. pr. 15.) 



BOOKS, PROP. AVI. --THEOR. 17 

SE NY two angles of a tri- 

als angle JX are to- 

gether lefs than two right angles. 

Produc€ ——, then will 

4.@-cCb 

But Ba Es A (pr. 16.) 

M+ AoC. 
and in the fame manner it may be fhown that any other 

two angles of the triangle taken together are lefs than two 

right angles. 
OE. D. 



18 BOOK TS. PROP. AVI. tee. 

/\ 
SIN any triangle _—_ 

» a if one fide Tei 
Ve a| greater than another 

= » the angle op- 

pofite to the greater fide is greater 

than the angle oppofite to the lefs. 

Lae: cd Les y 

omnes (DI. 3.), draw samssmemmm 

Then will A — A (pr. 5); 

but A es y (pie OF) 

oe 4. y and much more 

Ac. 

Make 



BOOK I. PROP. XIX. THEOR. 19 

peepee Fin any triangle sXe 

RG wy 5 one angle A be greater 

than another a. the fide 

which 1s oppofite to the greater 

angle, is greater than the fide 

oppofite the lefs. 

then mutt If meee be not greater than —~ 

ene I OF ~) 

x ~~ (pr. 5-)5 

which is contrary to the hypothefis. 

is not lefs than «mccuee=; for if it were, 

A acd a (pr. 18.) 

which is contrary to the hypothetis: 

oo ee (C : 

©. E. D. 



20 BOOK Il, “PROP. OX. WHER: 

NY wo fides —umaamman 

Gnd mein of  ¢ 

e, triangle oN 
taken together are greater than the 

third fide ara | 

Produce mmm, and 

make Ae eo mech (pr. 2a) 

draw ES | 

Then becaufe Sa eres a 

<- i 
4.- ai c., 

oe ee fee Ce (pr. 19.) 

(conft.), 

and eo 9 SRURGEERREREEE -+- \comemeasansemersree Be 

OF Op & 
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1” F from any point Cas ) 

\Ee4| within a triangle 
~ ftraight lines be Ae % 

drawn to the extremities of one fide 

(ewes ), thefe lines muft be toge- 

ther lefs than the other two fides, but 

mujt contain a greater angle. 
sPieseesseeeeaee SHRAESLRECH REST SLELASESIRLHRHESEFERSESS 

Produce ———_—, 

wemcemeee fe ee Lemmas (pr. 20.), 

add amewer=tO.Cach- 

eS ee ee [axe=4) 

In the fame manner it may be fhown that 

——oon + __.. i on recone searepanche a 

ee Es Lo fe 

which was to be proved. 

Again ” a i, (pts t@:), 

and alfo ro is 4 Gee 1O8F 

.@}-4. 
Q. E. D. 



22 BOOK I. PROP. XAT. THEGK: 

BIVEN three right 

g| the Jum of any 
” two greater than 

the third, to conftrudt a tri- 

angle whofe fides fhall be re- 

Jpectively equal to the given 
lines. 

eeenrncemib o>): 

or fora 
With == and sume 25 radii, 

defcribe Q)- CF (pott, 3) 

Craw wasshesse= and 
eae 

ae, 

then will al . be the triangle required. 

For STS Lt ee 
9 

SHE RARER ERT 

Bie and 



POOKed. PROP. XXII. PROB: 23 

pweETT a given point ( ee) int 

given reétilineal angle ( y y 

Draw —-———-— between any two points 

in the legs of the given angle. 

Conitruct 3 it Dr.-22.). 

fo that — —— Sf. ENNNNEN = TRE 

and ATR AAPOR 

Then i = A (pr. 8). 
Q. E. D. 



24 BOOK. L PROP XW? Gabor 

a’ two triangles 

have two fides of 

al the one refpec- 
aN tively equal to 
two a tdes of the other (oem 
10 —mee GN ween 

Lorem) O70 ue ay 

the angles ( g \ ) contain- 

ed by the equal fides be 

greater than the other oe the fide ( a ) which 1s 

oppofite to the greater angle is greater than the fide ( ) 
which 1s oppofite to the lefs angle. 

on VMiakGr Gee oe eas (eters a), 
and eee oe 

draw Tr Tt Ter rr) and Sesusume 

Becaufe —_memmes 0 sseeeenen (ax. 1. hyp. conft.) 

<Q te 



BOCK. PROPS AX. LHEOR:, 25 

eg) two triangles 

3) have two fides 

org NB ) of the 

one eae equal to two 

fides ( and ) 

of the other, but their bafes 

unequal, the angle /ubtended 

by the greater baf¢ |———_ ) 

of the one, muft be greater 

than the angle fubtended by 

the lefs bafe (mmm) of the other. 

A ee A is not equal to A 

for A = A cs =< 

which is contrary to the hypothefis ; 

A is not lefs than A 

for rh - A 

then meme J (pr. 24.), 

(pr. 4.) 

which is alfo contrary to the hypothefis : 

Ach. 
OEE. D: 



26 BOOK £. PROPUXXVT. THEGR: 

Case I. 

— ir a 1 two triangles 

| Aave two angles 

yee M3 of the one re- 

Ral Jpectively equal 

to two angles of the other, 

( ll — y | and 

Casr-ll. & — | \e 

of the one equal to a fide of 

the other fimilarly placed 

with refpect to the equal 

angles, the remaining fides 

and angles are refpectively 

equal to one another. 

CASE. 1. 

which lie between Let sma a and 

the equal angles be equal, 

then 

For if it be poffible, let one of therm _emmmnr:» be 

greater than the other ; 

9 CFAW~ ccmssmense 5 make RNAS RRS, 

n Z J and 7 we have 



BOOKS, PROP. XXV-E-THEOR: ae 

m M- Bow, 
and therefore r% = r% which is abfurd ; 

hence neither of the fides mmmmsme qq <mmes xe is 
greater than the other; and .*, they are equal; 

. es a, and a = Li (pr. As) 

CASE: II, 

Again, let smmenmsme: <= » which lie oppofite 

the equal angles a& and A If it be poffible, let 

<URRERG FRED» te ATT . then take wnmeumcsaes 

draw BITTE Bie 

Then in ray and A We have mc <> mesa 5 

ss A A. 
v. a. a A (pr. 4.) 

but a = a& (hyp-) 

- A Se a which is abfurd (pr. 16.). 

Confequently, neither of the fides ——=— or s=eeesses is 

greater than the other, hence they muft be equal. It 

follows (by pr. 4.) that the triangles are equal in all 

refpects. 

(Os Da oy 



28 BOOK T. PROP. XXXVI, THECE 

Wye ing WO other 

a ftraight lines > 

(=o 2700 ) makes 

with them the alternate 

angles (A. and @. 

A and os ) equal, thefe two ftraight lines 

are parallel, 

If ctmemees be not parallel to <meemem- they fhall meet 

when produced. 

If it be poffible, let thofe lines be not parallel, but meet 

when produced ; then the external angle o is greater 

than rN (pr. 16), but they are alfo equal (hyp.), which 

is abfurd : in the fame manner it may be fhown that they 

cannot meet on the other fide; .*, they are parallel. 

OSEcD: 



BeGwl. PROP. XXVI- THEOR. 29 

See a ftraight line 

Wg) (————), cost- 
aN, ex ting two other 
—— feraight lines 

( )s 
makes the external equal to 
the internal and oppofite 
angle, at the fame fide of 

the cutting line (namely, 

A-A. 
7 = 1 ¥ or if it makes the two internal angles 

ror ae on 
together equal to two right angles, thofe two ftraight lines 
are parallel, 

Firft, 7 | Le Aa. then r -_V.. 15-)s 

G- v ‘) ee [| ——————_ (pr. 27.). 

Secondly, wy \ =o . Ars 

Ve any 
wy | aks S = G. Vv (ax. 3.) 

and 



30 BOOK T. PROPAAXIXN GiiaGR, 

STRAIGHT J/ne 

) falling on 

| wo parallel ftraight 

A! jincs (mmm O70 

\, makes the alternate 

Pe 

angles equal to one another ; and 

alfo the external equal to the in- 

ternal and oppofite angle on the 

Jame fide; and the two internal 

angles on the fame fide together 

equal to two right angles. 

For if the alternate angles and A be not equal, 

draw , making —v . ae (nt 25). 

Therefore a= || (pr. 27.) and there- 

fore two ftraight lines which interfect are parallel to the 
fame ftraight line, which is impoffible (ax. 12). 

Hence the alternate angles me and & are not 

unequal, that is, they are equal: yy = A (pr. 15); 

— a = , the external angle equal to the inter- 

nal and oppofite on the fame fide: if Resizin be added to 

both, then A 7 

(pr. — 

That is to fay, the two internal angles at the fame fide of 
the cutting line are equal to two right angles. 

OE 



BOOK I. PROP. XXX. THEOR. 31 

emmmre| CRAIGHT “ines ( ) 

9 “ which are parallel to the 

are parallel to one another. 

Let interfect | | : 

oy ey wy Yor 
ee 

(pr. 27.) 

OvneD: 
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SERRE RRA SES HS 

SY ROM a given 

point PG to 

ms! draw a ftraight 

line parallel to a given 

Straight line ( cuvsmreasenn 

from the point “7 to any point Ye 

in ; 

make = y (preey- ys 

then ————---- |] ——eme (pr. 27.). 

Draw 

Ul. DD: 



BOOK I. PROP. XXXII. THEOR. 33 

ay F any Jide ( ) 

cs > of a triangle be pro- 
Wor duced, the external 

angle ( ) as equal 

to the fum of the two internal and 

roreangl( AY onl 
and the three internal angles of 

every triangle taken together are 

equal to two right angles. 

Through the point Phe draw 

Heer (erst): 

raf M= ML 
‘A-V 

we rN -¢@ Cea 

and therefore 

Ara:h-y 
(pr. 13.) 



34 BOCK L. PROP. XAXROIO IO 

US 2: / and www qphich join 
e as) Hl the adjacent extremities of 

Lommmeeet8) fo equal and parallel firaight 

lines (mmm G1 snsninenam), gre 

themfelves equal and parallel. 

as eeee SSeS SSRRERERH 

the diagonal. Draw 

weg Store re (hyp.) 

V= . 
and common to the two triangles ; 

. ee Seen, nl G i Aw rg Be 

BNC 2 oc semanas | liiemaaiaieteonamed (pt. 27+). 

Op: 



COCK, PROP XOX THEOR. as 

AGILE oppofite fides and angles of 

BASS R ERR HT EHR eRe 

and —_——mmmmss COMmMmon to the two triangles. 

_ecacgermam 4 
: a L (pr. Pha 

| | 
J 

| 

Therefore the oppofite fides and angles of the parallelo- 

gram are equal: and as the triangles Pw and Y/ 

are equal in every refpect (pr. 4,), the diagonal divides 

the parallelogram into two equal parts. 

On D, 
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eT ARALLELOGRAMS 
x it 4 ¢ on the fame bafe, and 

Ly a Zp between the fame paral- 

meee! o/s, are (in area) equal. 

On account of the parallels, 



BOOK. LROP. XAXAVE, THEOR. a7 

6) GPW AR ALLELO- 

GRAMS 

a | and ra on 

egual bafes, and between the 

fame parallels, are equal. 

Draw A BEL Hy 8 and =— mis oe 

wee, by (pr. 34, and hyp.) ; 

=o Pree erees ad a and {| eee 

And therefore hy is a parallelogram : 

, = | 

f; ¥. | 

a and {| sams cem = (pr. Rs) 

but 

Oi, 1): 



PROP. XXL TAGs 

On bafe acne 

and between the fame paral- 

lels are equal. 

Draw ansdme ws {| —— | eu a, 
seas amemes i] momen | \P ‘ 

on the fame bafe, and between the fame parallels, 

and therefore equal. (pr. 35.) 
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wucewe 

ra RIANGLES 

A on : 

equal bafes and between s¥ 

the fame parallels are equal. 

ae 
JSRRSRRAPLR ARES 



40 BOOK TA PROPIA Gee 

SN QUAL triangles iN 

and on the Jame bafe 
(meee) rid on the fame fide of it, are 

between the fame parallels, 

If ot: , which joins the vertices 

of the triangles, be not || -—_-ss:,-, 

draw sn || ee (pr. 31.), 

meeting oe é 

Draw 

Becauic - ae ae 

Ya _ ds (Fe 37-)° 

but ~ = A (hyp.) ; 

. A = 4 a part equal to the whole, 

which is abfurd. 

es cote ; and in the fame 

manner it can be demonftrated, that no other line except 

yoked): 



BOOK I. PROP, Wle- LAER; 4! 

UV CSN QUAL trian- 
' /\, gles 

A and NN 
on equal bafes, and on the 

fame fide, are between the 

fame parallels. le ae 

If <ommmassse Which joins the vertices of triangles 

be not || ——eess=cocmmmem , 

draW ee ||] nee (DT, 31.), 

meeting sasnasemm | 

Draw 

|] cece (contt.) Becaufe 

or - Nw » 2 part equal to the whole, 

which is abfurd. 

: and in the fame manner it . ee oft 
can be demonftrated, that no other line except 

GFE Dd; 

snmabsntieenien: 15 {] + Yam TPS HI 
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geal 2 paral- 
BO) | Aces 
NOESY lelogram YQ 

and a triangle A are upon 

the fame bafe and between 

the fame parallels —==m=am and 
am , Che parallelogram ts double 

the triangle. 

the diagonal ; 
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1 NY : parallelogram 

ESaades| equal to a given 

triangle MM. hav- 

ing an angle equal to a given 

rectilinear angle a : 

Make 



44 BOOK. PROP: XLT. PALO. 

of 
the parallelograms which are about 

the diagonal of a parallelogram are 

equal. 

(pr. 34.) 
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eee OF a ogrven 

H| ftraight — line 

LNA) (mem) £0 ap- 

Eas) ply a parallelo- 

gram equal to a given tri- 

angle ( ), and 

having an angle equal to 

a A rectilinear angle 

= — 2 w .. A-A 
(pr. 42.) 

and having one of its fides ====== conterminous 

with and in continuation Of ———_ , 

Produce =mmmas till it meets “=n [| -enew= 

draw produce it till it meets «== == continued ; 

draw oe OE Se ee Cee ee i] ORG GG b ESRC meeting awaiemnatinriiees ese Hat 

produced, and Produce wxssssmem , 

’ A 
wy 

v- 
and 

— A (pr.19. and contt.) 

Oo B.D; 
A = 



BOOK J. PROPOXLY, (PROB. 

Sq O confiruct a parallelogram equal 

| fo a given rectilinear figure 

46 

) and having an 

angle equal to a given rectilinear angle 

(MW 

Draw 

the rectilinear figure into triangles. 

Conftruct | - aa 

, | having a = r | (Dr. 42;) 

CO) Somemitioens 2D DIY ’ = ae 

having | =  ... 44.) | 

tO sms apply | = > 

having Yr | = a4.) 

and aD. a parallelogram. (prs. 29, 14, 30.) 

having ag = & ; 

and PARRA dividing 

© aD; 



BOCK= 1. PROP: XLFIe PROB: 47 

PN EPON a given fraight line Os: ) to conftruct a 

Draw Lo oand = qo 

(pr. 11. and 3.) 

Draw || ————, and meet- 

ing mmm Orawn {| PETITE 

(conft.) 

“an = aright angle (conft.) 

4A» == a right angle (pr. 29.), 

and a. remaining fides and angles muft 

be equal, (pr. 34.) 

Alissa is a {quare. (def. 27.) 

OLE. DD; 



48 BOOK I. PROP. XLVI VHEOR. 

my N a right angled triangle 

J Vea / Ss the Square on the 

Te hypotenufe 

the fum of the fquares of the fides, ( =weccsmasse 

ANd mamas) 

15 equal Lo 

On > Eee 1](] =e 

defcribe fquares, (pr. 46.) 

Draw Pir siit ty) {| — on a mem oe (pr. aT) 

alfo draW ——_—__- 27) sm 

u-g. 
reetat me = 

ee a RRL ssh dha” ae 

Na 
Again, becaufe qmmssemem |] semerwa a ae 
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we 

hence 

Q.E. D. 

os 



50 BOOK £ PROP. XLVI. Wiinor: 

PRE the fquare 

) By ‘gl of one fide 

‘Teemmmmee 2. 

’ =~ | triangle 1s 

° equal to the fquares of the 

an other two fides ( smummesseeme 

- a1 —), the angle 

. 
( & ) fubtended by that 

fide is a right angle. 
Svesemesesoncvassaee 

Draw -aaamesnes a3 pa and — (prs.1 eee) 

and draw evsses«s= alfo. 

Since sssssssess = (conft. ) 

on es oe 2 — eens ~ ° 
a y) 

but ee ~+- ‘scaaeiaiiahinis ‘scmnad we ee ree ee 2 (pr. ae. 

and ——— + —vaiatnannenin Sake connarmnnetnnnaen ” (hyp.) 

confequently ee is a right angle. 



G2 Bee oe 

BOOK II. 

DEFINITION«!: 

aes : RECTANGLE or a 

New| right angled parallelo- | 
eee) gram is faid to be con- 

tained i any two of its adjacent | 

or conterminous fides. 

Thus: the right angled parallelogram : fs is faid to 

be contained by the fides ——_—_-- ANd eee § 

or it may be briefly defignated by 

If the adjacent fides are equal; 1.¢. ——me <= 

then which is the expreffion 

for the rectangle under ——_——ee and 

is a {quare, and 

wee © —(‘<‘iéié~i OST omummmmarsemmn * 

2 is equal to ' 
ees © ee CO OY = 



<2 BOOK ll. DEFINITIONS. 

DEPING PLOW. i. 

zm N a parallelogram, 

4 the figure compofed 

@ 3) of one ot the paral- 

lelograms about the diagonal, 

together with the two comple- 

ments, is called a Gnomon. 

Thus 

called Gnomons. 
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See |HE rectangle contained 

Rawal by two flraight lines, 

Bai one of which is divided 

= into any number of parts, 

— ee apie 

ts equal to the fum of the rectangles } 3 

contained by the undivided line, and the feveral parts ae the 

divided line. 

se =——= 9nd = —_—_ (prs. 2.3. Bix); Draw 

complete the parallelograms, that is to fay, 

— oo. 
Diaw 2. dsskee 1 (pr. 31. Bot) 

ne aii 
e J 



64 BOCK i. -PROP. GM. VIE 

epee a ffraight line be divided 

Gi oH) into any two parts semccmammen 

} WER the fquare of the whole line 
feet! is equal to the fum of the 

Ss angle contained by the whole line and 

each of its parts. 

° 3 ranges 

© D. 
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a F a ftraight line be di- 
afl! vided into any two parts 

» | V; wy aremmermnn . the rechangle 

efile) contained & the whole 

line and either of its parts, is equal to 

the fquare of that part, together with 

the rectangle under the parts. 

Defcribe 

Complete 

In a fimilar manner it may be readily fhown 

that em: @ aD womans * + ERIE g me 

6.6, D 



56 BOOK. PROP AY. FeAee ks 

epee a firaight line be divided 

a ”) into any two parts mmm mm ¢ 

) J the fquare of the whole line 

feel) 75 equal to the /quares of the 

parts, together with twice the rectangle 

contained by the parts. 

kk a 

twice ‘ATS © WNT 

Defcribe (Di aA0s rs) 

4 = y (pr. §).Bi 1p 

4 = 4 (orcad, sis) 

Ma -4 
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Be by (prs. 0, 20,.34.8<1.} A isa fquare = =". 

For the fame reafons | ew qa Coe a <, 

pe —_— 4 =—- oo (or, 43; Db: i) 

4 -V7), omg +2 

e pees < _ 2 + minsenemet “2 + 

{tWiC€ ome « =", 

OlEPD: 



53 BOOKA. PROP. /. ie 

) Gy line be divided 

=) into two equal 

into two unequal parts, 

Se the reétangle contained by 

the 2 ne parts, together with the fquare of the line between 

the points of fection, 1s equal to the fquare of half that line 

Defcribe .), draw ——_ and 

pb 

“a = | (PD. 30yeoe Do) 

a —s ae (Desa. Dat. 

e RE BOT ET 



BOGiA i.” PROP. F--THEOR. 

but — ome” (cor. pr. 4. B. 2.) 

a7 



60 BOGOR. PROPAW I. SHOR, 

pages Fa ffraight line be 

ONS? GC Sie 
KM ea and produced to any 
Diacwalll Dame PONE emer 

the rectangle contained by the 

whole line fo increafed, and the 

part produced, together with the 

p /quare of half the line, 1s equal 

to the fquare of the line made up 

of the half, and the produced part. 
y 

eee ~- a oe So LT 

Defcribe (pr. 46, B. 1.), draW 

(oe eee 
and < seeassssosmece [[ somone | (pr. 31, B. 1.) 

| - - oe (pte Glas, B.1 } 

eunintasiaaame (Genes, By 2.) wut 1 

a. = ee” se ennit.ax,2.) 

St hoeeeliin pike 

rs Dey 
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preg a ftraight line be divided 

KOs iy) INtO ANY CWO PATS came cme 

wy j the fquares of the whole line 

Sth htemel and one of the parts are ' 

SPARRO AR ORM RRER RRR RRR RR ER AY 

equal to twice the rectangle contained by Jy 
he 

the whole line and that part, together 

with the fquare of the other parts. 

iin pies 

2 meee meee ¢ mmm be el 

Defcribe PAu. 4052er.)- 

Draw (poft. 1.), 

and oe ' ae Coca 

a — ? (pr. 43, B. 1.), 

add eS = —’* to both, (cor. 4, B. 2.) 

more serene: seco ~ 4. qummme ~ —_— ) ee Ce + - Es 

OF Som B. 



ON dS BOOK Hl. \PROP VFI. Vie 

(eee a ftraight line be divided 

Stal ito any two parts 

mmm fe [quare of 

the Jum of the whole line 

and any one of its parts, ts equal to 

j four times the rectangle contained by 

| the whole line, and that part together 
with the Square of the other part. 

oniaie * amas 4e a © We -|- sescearmurea © 
2 

Produce commsmmmmee and make ee me 

Conftruct et Pla 40,0) 
draw LLL TDD ; le 

( Preaieess.. 12) 

(press B: Tis) 

i ee sania 

(pr. 7, B, 11.) 
0 00 GREE ee ow 4. ¢ cemometenee ° commen fe commoners 

Q. E. D. 
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mal 7 ft Tr aight 

line be divided 

a| into two equal 

ati POTTS momen = ms 

and alfo into two unequal 

POT ts ceeceamenss wee mmne g LE 

Jquares of the unequal 

parts are together double 

the {quares of half the line, 

and of the part between the points of fection. 

2 2 aman 2 ORR —! io 2 + 2 commccnion ~ 

Make mmmmmessen 1 and SS wees Of ee 2 

Draw Sete Powe and (e0 Re Rees Sere * 

rr J] —acwee yee || ene, and draw ——, 

(pis, Bi.) s halta right angle. 

(cor--orr 3255-213) 
a — 

-& = a right angle. 

a - »-&=-b> 
(pres 55,205.51): 

hence EE Ewe amen cea | eveses — GE oe 

(prs. 6, a age I.) 

(of. 5, bei.) = half-a right-angle: 

(Cor. pt--2259 Bui.) 

( maintains seeatat * 7 emer ones y or -|- loin 

a sae . ( manera ae” a 2 a 

| 
—— (pr. 47) Ber.) 

Op eben ‘ 
L 28888 5 oe acim smace nee 



64 BOOK If. PROPEX. THEO 

=) duced to any point 

. the fquares of the 

whole produced line, and of 

» the produced part, are toge- 

‘ ther double of the fquares of 

the half line, and of the line 

made up of the half and pro- 

duced part. 

Make seme Lo and = to meme OF men, 

draw BEE 4 1  & and SE x ame AE A OS 9 

and Kise a8 I | (Oo aly be 1a)4 

drawW ———__ 2] {o. 

(pregyub.d») ose) halt aright angle, 

(Con Dre gence Is} 

(prs $5 Bet.) semmale aofight anole 
(Corp saci. 1) 

a's a> == 4 rivhtangle. 

A - 
rN lI 
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A-&-) -V-4- 
half a right angle (prs. 5, 32, 29, 34, B.1.), 

and uments oes accion s, —_—_ i —— 

comsenseey (prs. 6, 34; B.1.). Hence by (pr. 47, B. 1.) 

* + we oe 2 or omens 2 

— ” aman cs meen 2 a aly OD ecemaesenmeems 2 

- cen © 

i ele ee On : 

Q. E. D. 



66 BOOK I. PROPS ALS Bae: 

gO divide a given ftraight line 

: in fuch a manner, that the rectangle 

: contained by the whole line and one 

S| of its parts may be equal to the 

ate of the other. 

Teurl SUUVUEUUPEUOODOOCREREEEE ES 

ae 

== (poft. 2.). 
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meme] N any obtufe angled 

i pA, triangle, the fquare 

P| of the fide fubtend- 
Built) jn the obtuse angle 

exceeds the fum of the /quares 

of the fides containing the ob- 

tufe angle, by twice the rec- 

tangle contained by either of 

thefe fides and the produced parts 

of the fame from the obtufe 

angle to the perpendicular let 

fall on it from the oppofite acute 

angle. 

coneoemeonmassiasene ae cscuciindiieteaiians’ ” + cocttiimeiodiein by 

2 =_—ee 6 ee, 

BY pt. 45 B.2 

=e a a” a 2 ae oy a ee oo 2 -- 2mm @ 2HZEs 

add ———omeme ? to both 

mene fp 7B) 
[ eneemmenen ” 

a mo eee + + | or or 

Pipe ay,u).t.)... Uheretore, 

a eee ee ae ee 

i os pate 2 

by 20 Se as on et a 

*: hence 

Q. E. D. 



68 BOOK I) (PROP, Xd Table 

FIRST, SECOND. 

xr DRE 

thes) (Py) angle, the 

eel) io fubtend- 

mg an acute angle, ts 

lefs than the fum of the 
aeae wnmananne /uares of the fides con- 

taining that angle, by twice the rectangle contained by either 
of thefe fides, and the part of it intercepted between the foot of 
the perpendicular let fall on it from the oppofite angle, and the 
angular point of the acute angle. 

FIRST. 

2 ene? “Pe semen fe by 2¢ ese © cco 

SECOND. 

Ree eat merweemnncomen 7 -t- meee bY 2 6 men) mmm 

Firft, fuppofe the perpendicular to fall within the 

triangle, then (pr. 7, B. 2.) 

commen: | em ” S 2° eso oe Le emmeee *, 

adc toceach:  aaumiaaeme © Chen 

SS ee Se ee 

a 
ons Upla facies ae 

concen worm 7 + beaming S19 6 wemmantnammare ot ay eee ote oe 
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and es Mien 5 a | ene ane” ~- eee | by 

20 qu=e===nsm= ¢@ eee , 

Next fuppofe the perpendicular to fall without the 

trianeic, then (pr. 7; B. 2.) 

eee a mm 2 + a — 2 0° ween 6 ee “ eanves” 
5) 

add to each wr” then 

oem? Hf 

—- axes,” i oe,” (Pied. Bi ba)s 

pecans + won 2? 2 ees 6 oe + womeamminen 5 

2 ole —* Qe quuummsune ¢ Sees 

oe soem” Sa | mmenmnanon -+- eames * by 2° ammcsnne © mE 

OnE p: 



70 BOOK di, “EROP. Aa. shies 

pepe—re|0 draw a right line of 

: & which the fquare fhall be 

NE equal to a given rect- 

fase) Jinear figure. 

Jfuch that, To draw 

Make ee = a Oita Aust 

produce S92) 6 qe until DT) e 

by 
Bile es take Se ieses = — See (pr. TO; > lvls 

Defcribe = (port, 33), 
and produce age to meet it: draw romney 

wm (| comocennienses ~ — se8 e@ ®%a588 EERE -4- 1weeenve- 

(oreety. Bs a. 

but mm eee” + wareenan” Sure tga ea ten 
a ‘eucacuen © + By pea = esmnen a °° 9929: “i+ etoneeme 

og RRR == «seowm eo "2.02 , and 

oO 
- — 

— 
SA e° =e a 
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BOOK III. 

DEPFINTLLONS: 

1% 

ear QUAL circles are thofe whofe diameters are 

equal. 

II. 

A right line is said to touch a circle 

when it meets the circle, and being 

produced does not cut it. 

jeak 

Circles are faid to touch one an- 

other which meet but do not cut 

one another. 

IV. 

Right lines are faid to be equally 

diftant from the centre of a circle 

when the perpendiculars drawn to 

them from the centre are equal. 



72 DEFINITIONS. 

VY; 

And the ftraight line on which the greater perpendi- 

cular falls is faid to be farther from the centre. 

Pr homed” . 

Vai. 

A fegment of a circle is the figure contained 

by a ftraight line and the part of the circum- 

ference it cuts off. 

VII. 

An angle in a fegment is the angle con- 

tained by two ftraight lines drawn from any 

point in the circumference of the fegment 

to the extremities of the ftraight line which 

is the bafe of the fegment. 

VII. 

An angle is faid to ftand on the part of 

the circumference, or the arch, intercepted 

“between the right lines that contain the angle. 

IX. 

A fector of a circle is the figure contained 
by two radii and the arch between them. 
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x 

Similar fegments of circles 

are thofe which contain 

equal angles. 

aN 

Circles which have the fame centre are 

called concentric circles. 



74. BOOK 1. PROP TRCE: 

Be) O jind the centre of a given 

circle Gy A 

Draw within the circle any {traight 

line comm ememe MAKE ummm = «ween ° 

draw come a ee eee a 

bifect » and the point of 

bifection is the centre. 

For, if it be poffible, let any other 

9 2S ee @ oe ee we point as the point of concourfe of 

and eamsemeaes be the centre. 

QRRAER DEAE 
‘. < 

Becaufe in acd & 
* x 

BSQepa,aarn .: 

= saeen— (hyp. and B. 1, def. 15.) 

owmeme (conft.) and =eeseess= Common, 

@ - . 1, pr. 8.), and are therefore right 

angle a = (conft. ) ) WJ = Vv axa. 

which is abfurd; therefore the affumed point is not the 
centre of the circle; and in the fame manner it can be 

1S proved that no ere point which is not on 
the centre, therefore the centre is in wee | 21) (1 
therefore the Point where ermcmmeent 4s (yioched Ge che 
CLETUS. 

flat oe: 



BOOK III. PROP. II. THEOR. 76 

aE] STRAIGHT Line (em) 
eel joining two points in the 

Basi) circumference of a circle 

@ , lies wholly within the circle. 

Find the centre “C) (bya ipted ss 

from the centre draw meme {0 ANY POINt 12 -nmmnssmme g 

meeting the circumference from the centre ; 

draw acme RRR IRA: and LCL 

a eR aA ac 

oe CVETY POLNt 12 women lies within the circle. 

OnE Di 
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em mag) a ft ie aight line ( emcee | 

i drawn through the centre of a 

Se ‘ery cer C) bifects a chord 

( ——mmnares ) which does not pafs through 

the centre, it 1s perpendicular to tt; or, 

if perpendicular to it, tt bifeéts it. 

and =<weee to the centre of the circle. 

In Pt and 
ee SS cece omummmee COUN I0N, and 

as eh BY 5 4- a . Bb. I. pr. 

ances iL. epdiaonacex us i (Be t.cer. ie 

Ain 1et seen 2s) eet 

Then in ZY. ~ 

> yaa 

20d ee ae 

Draw 

wwe emeee (B. 1. pr. 26.) 

BiCCts cemeaetv take = 

Car ua. 

eta Mee 



BOOK III. PROP. IV. THEOR. 77 

gmp! ina circle two flraight lines 
Ray apd) cut one another, which do 

4 Nee, not both pafs through the 
oy centre, they do not bifect one 

another. 

If one of the lines pafs through the 

centre, it is evident that it cannot be 

bife€ted by the other, which does not 

pafs through the centre. 

But if neither of the lines acm O[ “eee 

pafs through the centre, draw so==seam 

from the centre to their interfection. 

If mms be bifected, = mama ee Ont oh ae) 

Ae > = ps and if be 
~< 

bifected, a mmmem L (Beet aditas a 

-BP=fh 
ot = Dm 

equal to the whole, which is abfurd : 

and ace RARER OE ANE 

do not bifeét one another. 

Os: 
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AOA OE two circles ©) 

NGS inter [ect, they have not the 

Same centre. 

Suppofe it poffible that two interfecting circles have a 

common centre; from fuch fuppofed centre draw coos 

to the interfecting point, and —,-_*,* meeting 

the circumferences of the circles. 

Then = eee OB. 1. def. 15.) 

Ad a es (Bor. def. 15.) 

2. a = _—wssswrs § a part 

equal to the whole, which is abfurd : 

.*. circles {uppofed to interfe@ in any point cannot 

have the fame centre. 

Q. E. D. 
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=i} one another internally, they 

have not the fame centre. 

For, if it be poffible, let both circles have the fame 

centre; from fuch a fuppofed centre draw -e=== 

Eatting= both circles, and ————== to the point of contact. 

— ch--== (B. 1. def. 15.) Then 

and nnn tence (B, 1. def. 15.) 

oo eee eee sa part 

equal to the whole, which is abfurd ; 

therefore the affumed point is not the centre of both cir- 

cles; and in the fame manner it can be demonftrated that 

no other point iS. 

oe One 



80 BOOK Tk” PROPS Gaieor. 

FIGURE I. 

pal from any point within a circle 
Mees 

elite) which 1s not the centre, lines = 

are drawn to the circumference; the greateft of thofe 

lines ts that (cmmamsae) which paffes through the centre, 

and the leaf? is the remaining part ( ) of the 

diameter. 

Of the others, that ( \ which 1s nearer to 

SCURE tL. the line paffing through the centre, is greater than that 

( ') which 1s more remote. 

Fig. 2. The two lines (mem-* and ) 

which make equal angles with that paffing through the 

centre, on oppofite fides of it, are equal to each other ; and 

there cannot be drawn a third line equal to them, from 

the fame point to the circumference. 

FIGURE I. 

To thecentre of the circle draw =: ameree ade eons 

then sseeseme SS a aseneees (B. 1. def. 15.) 

snnenmme ee fl... aN (LET pro.) 

in like manner ====seme= may be fhewn to be greater than 
amen» OF any Other line drawn from the fame point 

to the circumference. Again, by (B.1. pr. 20.) 

—— + ——E ~~ = 
Ce eens (2X.), 

and in like manner it may be fhewn that ames: is lef 
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than any other line drawn from the fame point to the cir- 

cumference. Again, in 

CRASS common, 4 Bas | o and coe oo oe a data we 

rae SRR CRRA SADIE: re (B; ie pr. 2A) and ‘Sarena genennceR A 

may in like manner be proved greater than any other line 

drawn from the fame point to the circumference more 

remote from DS ES a a Ce 

FIGURE II. 

it @ Pp then 

take ee serena draw ee ee ed , then 

— if not 

common, 

a part equal to the whole, which is abfurd: 

oo eee ee sss and no other line is equal to 

—mexe= drawn from the fame point to the circumfer- 

ence; for if it were nearer to the one pafling through the 

centre it would be greater, and if it were more remote it 

would be lefs. 

re) Ea, 
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32 BOOK If. PROPC FIM Wier 

The original text of this propofition is here divided into 
three parts. | 

be 

ea E from a point without a circle, ftraight 

| are drawn to the cir- 

cumference ; of thofe falling upon the concave circum- 

Jerence the greateft 1s that (—wm=n) which paffes 
through the centre, and the line ( ere sensmsm which ts 

) nearer the greateft is greater than that ( 
which 1s more remote. 

Draw ««esceveee ANd =ssea:exee to the centre. 

Then, =—mmsxess which paffes through the centre, is 

greateft; for fince semmememe FS <ssseeee . if 

be added to both, emmeencs <= sommes : 

but LS 

than any other line drawn from the fame point to the 

(B. 1. pr. 20.) .°, —mmmsam  is greater 

concave circumference. 

Again in and SeSRRtasae 2 MT arrcocem 

2 

oo?* 
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common, but £ Ga: 

65 jijed EEE 

and in like manner 

and 

[Beal prea 5 

may be fhewn [© than any 

other line more remote from mmm seesvsi0, 

Hs 

II. 
fg 
4a, 

a 
T, 
%@ 

PTTTITTTL Te 

Of thofe lines falling on the convex circumference the 

leaft is that (<mammnew) which being produced would 

pafs through the centre, and the line which is nearer to 

the leaf? is lefs than that which 1s more remote. 

« 
bed 

tal 
® 
® 
= 
® 
J 

For, fince = fe eneeeee [7 mms (Bo 1. pr. 20.) 

and A serene 
> 

seem sO Seana (ax: 5.) 
And again, fince —=esemm of. sere [TO 

woes abe newmene (B. 1. pr. 21.), 

and =a» <= ° 

8, ees To ene=—, And fo of others. 

Il. 

Alfo the lines making equal angles with that which 

paffes through the centre are equal, whether falling on 

the concave or convex circumference ; and no third line 

can be drawn equal to them from the Jame point to the 

circumference. 

For if ssw [2 seers, but making 4 = b; 

make =o om en ome a oo ° and draw smecne amu 
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we have ==s=eme2 SS we mee Then in 5 and , 9 
- é 

a1¢d Common, and alfo bh - 4 

e ‘6 bE NEA eens (B. I. pr. 4. = 

but a comssuuam 5 

oo Seemmeeee SS cesses, which is abfurd. 

ong Teen ree if NOt == sesesuee=, nor to any part 

of so ns ses ge is not Sa Se ee ; 

Neither 1S PORT Eer eRe aD Ce ane they are 

5° = SSS to: Ach. other. 

And any other line drawn from the fame point to the 

circumference mutt lie at the fame fide with one of thefe 

lines, and be more or lefs remote than it from the line pafi- 
ing through the centre, and cannot therefore be equal to it. 

Q. E. D. 
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PSE a point be taken within a 

NAY wr) » from which 

more than two equal ftraight lines 

(eaksmat>.. amie; mauamee ) 
can be drawn to the circumference, that 

point muft be the centre of the circle. 

For, if it be fuppofed that the point N 

in which more than two equal ftraight 

lines meet is not the centre, fome other 

point ==. muft be; join thefe two points by ————, 

and produce it both ways to the circumference. 

Then fince more than two equal ftraight lines are drawn 

from a point which is not the centre, to the circumference, 

two of them at leaft mutt lie at the fame fide of the diameter 

ied + one8 : and fince from a point IN ; which is 
. 

not the centre, f{traight lines are drawn to the circumference ; 

the greateft [1S mg which paffes through the centre : 

and which is nearer tO omens. [= 

which is more remote (B. 3. pr. 8.); 

but a §=(hyp.) which is abfurd. 

The fame may be demonftrated of any other point, dif- 

ferent from IN , which mutt be the centre of the circle. 

Oob. D. 
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AQMNE circle @: cannot interfect another 

Ce C) in more points than two. 

For, if it be poffible, let it interfect in three points ; 

trom the centre of C) draw gone 

and to the points of interfection ; 

(Bri. defists. |, 

but as the circles interfec, they have not the fame 

centre (B04. pris.) 

.°, the affumed point is not the centre of C), and 

So I —w-—-e~\| Aid —-—- are drawn 

from a point not the centre, they are not equal (B. ce 
prs. 7,8); but it was fhewn before that they were equal, 

which is abfurd; the circles therefore do not interfe@ in 

three points. 

OfE Ty 
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BE ¢wo circles C) and 

&. touch one another 

internally, the right line joining their 

centres, being produced, fhall pafs through 

a point of contad. 

For, if it be poffible, let 

join their centres, and produce it both 

ways; from a point of contact draw 

———eem to the centre of Se , and from the fame point 

of contact draw ««=sssass= to the centre of eo 

Becaufe in A. = cian [ wwinmaees 

Droiape. 265) 

ANd sacmmenee So meee wee as they are radii of 

at 
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but eS ++ eee a a eR take 

away ——__e which is common, 

ANd ee FO mn § 

but SS em at om ow ee 3 

becaufe they are radii of 'S ; 

and .°, wsamenm [7 ssses0mee a part greater than the 

whole, which is abfurd. 

The centres are not therefore fo placed, that a line 

joining them can pafs through any point but a point of 

contact. 

OrE. 1). 
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BR’ GREIF two circles C) and 

<_< - Ga touch one ano- 

ther externally, the ftraight line 

meeeem ecm 10InINg their centres, 

paffes through the point of contaé. 

If it be poffible, let ——-__——- join the centres, and 

not pafs through a point of contact; then from a point of 

contact draw <“<=<== = and to the centres. 

Becaufe oe — ake aRERTRRERSREES E= crew, ELD ELEN 

(Da pieecas 

and nme Do smnmn= (Br. def.15.), 

ANd memes (Bodet. tom, 

i lc eg A part greater 

than the whole, which is abfurd. 

The centres are not therefore fo placed, that the line 

joining them can pafs through any point but the point of 

contact. 

ce Ap) 
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FIGURE I. FIGURE II, 

a) NE circle can- 

Nd Gi} z0¢ touch ano- 

Ad ther, either 

externally or 

internally, in more points 

than one. 

FIGURE III. 

Fig. 1. For, ifit be poitible, let 

be and ©) touch one 

another internally in two points ; 

draw joining their cen- 

tres, and produce it until it pafs 

through one of the points of contac (Bi apts TI 

draw ‘MARR TEA and ° 

But =< mm en (aectw Gere T Soy 

wolf —_1 be added to both, 

anne fe ees iain: (eet preeo. 

which is abfurd. 
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Fig. 2. But if the points of contact be the extremities 

of the right line joining the centres, this ftraight line muft 

be bifected in two different points for the two centres; be- 

caufe it is the diameter of both circles, which is abfurd. 

Fig. 3. Next, if it be poffible, let ~e and ee 

touch externally in two points; draw ===++*** joining 

the centres of the circles, and pafling through one of the 

and EE points of contact, and draw 

= (Be, Gels.) 3 

(Botdeh 16.) and ssamame- = 

SERRE — A Ese S but 

AT oe ATTA, is seerconeneieet Bh OF a Se (Be Le pr- 202), 

which is abfurd. 

There is therefore no cafe in which two circles can 

touch one another in two points. 

QE. D. 
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QUAL frraight lines (~~) 

wnfcribed in a circle are e- 

| qually diftant from the centre ; 

Bl and al Yo, fraight lines equally 

di Pant. from the centre are equal. 

From the centre of draw 

om on os a | 0 Waiter a and er er ot wee 

Ble. Ce ae JOIN Zand mmEEEre 

Then a half RCC Ba B= (B. 3: pr. ce) 

and mm famamere (B, 3. pr. 3.) 

fince ee sea ee aaa Seay BM 1 (hyp.) 

REEL ABH EDEL 

9 

27d —__ << (ied deietiga) 

Ie sacs GD . 
ee Cael > 

but fince Ma is a right angle 

a *) Dike peene 
2 eee 2 r) 

and TIALS comae SR ecee wee +- « for the 

fame reafon, 
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pea Suuawesnee ‘cae Rew wwe ee 2 
2 

Alfo, if the lines ATR HH OMT and AR OG SO be 

equally diftant from the centre ; that isto fay, if the per- 

pendiculars sesuemees and =sssssses= be given equal, then 
Sa 

STEED, TEE EO ey EC ee @ 

For, as in the preceding cafe, 

2 ed . 2 2. 
os eG +a eT AAaIS emeen 0 _ SEROMAURERNONREEET a oe eS 

but emer eet nenmias asamssemm ©: 

ee” eee, and the doubles of thefe 

ciceaicerns CC Onin’ ins 0 are alfo equal. 

Cpe: 
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FIGURE I. 
, BIHE diameter is the greateft ftraight 

line in a circle: and, of all others, 

se that which 1s neareft to the centre 1s 

#) greater than the more remote. 

FIGURE I. 

The diameter ———=em= is [= any line ===, 

and tata htlah tated For draw 

Then ACR RSeK he ——— 

and ts 

ne a TTT 

but cuemnenmenpemeanen -t- Sastuneeem [= 

Ei se 

Again, the line which is nearer the centre is greater 

than the one more remote. 

Firft, let the given lines be ——————= and ~a-.-.-» “s 

which are at the fame fide of the centre and do 

not interfect ; 
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" Qo”, 
Cow ee (Be ls preeq) 

FIGURE II. FIGURE II. 

A11G.. sadn Let the given lines be 

which either are at different fides of the centre, 

or interfect ; from the centre draw ~-«««----== 

and =smmm= JL 

make corpses a OS suwes and 

draw CIARA? pea eee ema ® 

Since ————e aNd —ememe are equally diftant from 

(Bie. pie ays 

(Pt Wea sepres:)s 

the centre, ——————— == 

ea CC 

OPED. 
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BPG HE firaight 
fe line coMnnineroes 

| §=6 drawn 
if hs from the 

extremity of the diame- 

ter mee of a circle 

perpendicular to it falls 

without the circle. 

And if any firaight 

lint. weamunmwe OCF 

drawn from a _ point 
within that perpendt- 

cular to the point of contad?, it cuts the circle. 

PART I 

If it be poffible, let 

again, be L 

, which meets the circle 

, and draw 

Then, becaufe totmsscssm: <<  qemmese 

q — Wg (Be teoproea 

and ,*, each of these angles is acute. (B. 1. pr. 17.) 

7. 

but @ = ~ (hyp.), which is abfurd, therefore 

Hutte <CO e does not meet 

the circle again. 
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PA. ue 

and let ==«me= be Let be. teas 

. suneap 
drawn from a point  .* between === and the 

* 

circle, which, if it be poffible, does not cut the circle. 

Becaufe > — N ; 

ae is an acute angle; fuppofe 

ccomeommansane | =ss=-==-, drawn from the centre of the 

circle, it muft fall at the fide of a the acute angle. 

“ | which is fuppofed to be a right angle, is [5 >. 

bUt semmsnestess == oem, 

and ,°, smnmeme= [_ =seessemenems, a part greater than 

the whole, which is abfurd. Therefore the point does 

not fail outfide the circle, and therefore the ftraight line 

wstaseunseame CUS the circle. 

D, Pei. 

O 
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pera O draw a tangent toa given 

circle from a 

given point, either in or outhide of its 

circumference. 

If the given point be in the cir- 

cumference, as at eel , it is plain that 

the ftraight line === LL ensneenes 

the radius, will be the required tan- 

gent (B. 3. pr. 16.) But if the given point “| be 

outfide of the circumference, draw ««+««« 

from it to the centre, cutting ; and 

draw CHS SeGaw Ee he ee) defcribe 

concentric with radius SS pense comme 4 

then meses Will be the tangent required. 
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'e 
e * OC ¢ 

oe % 
: * % Ag 

For +88) We cteesacamnabix and , 

ihe =. ee” common, 

and camwssseeese Coe =eenenn-, 

Piers Dts aay & = & = aright angle, 

.. =mmumm=mmes i$ a tangent to 
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pomp) a right line :+eceew=s be 

: & a tangent to a circle, the 

Mi frraight line sme drawn 

= [fetes fw from the centre to the 

| point in contact, is perpendicular to it. 

For, if it be poflible, 

let en YA » be mE ARASRRBIE Rm 

then becaufe 4. \. 

(Biers 19.) 

but el > 

and .°, me [— <ammmmemnarres, a part greater than 

the whole, which is abfurd. 

is nOtweie teameeres s3 and in the fame man- 

ner it can be demonftrated, that no other line except 

uncimiaaein’ 15 perpendicular to samcmmsnn, 

Orn: 
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gE a fraight Line md 
K ) be a tangent to a circle, 

y Ve THE TGLCNE URE eames 

Pieailiteeedél) drawn perpendicular to it 

Fe point of the contact, paffes through 

the centre of the circle. 

For, if it be poffible, let the centre 

be without and draw 5 

wsacecesee from the fuppofed centre 

to the point of contact. 

Becaufe secerarewee ae 

(B. 35 or.-18.) 

oe | = I\ , a right angle ; 

ra Se IN (hyp.), and .*. @ = a. 
a part equal to the whole, which is abfurd. 

Therefore the aflumed point is not the centre; and in 

the fame manner it can be demonftrated, that no other 

point without __. is the centre. 

OED: 
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FIGURE I 

pEpeSeaHE angle at the centre of a circle, is double 

3 the angle at the circumference, when they 

iz | have the fame part of the circumference for 

dette) their ba/e. 

FIGURE I. 

Let the centre of the circle be on 

a fide of 4. 

Becaufe --_-1|— 

4 - rn 

But & = di “he q 

or ys == twice 4 (Baer pr—32): 

FIGURE II. FIGURE II. 

Let the centre be within i , the angle at the 

circumference; draw mmm from the angular 

point through the centre of the circle; 

then d = | ee A = 4. 
becaufe of the equality of the fides (B. 1. pr. &). 
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Hence iit re pw 4 & = twice B. 

pot GF = + Pan 

» - A at 4, 

OD = sie &. 

FIGURE III. 
FIGURE Ul. 

Let the centre be without G and 

CrAW menvmeemen 9 the diameter. 

Becaufe V == twice a : and 

\ twice WH (cafe 1.); 

Pe rN == twice ¢. 

Q. E. D. 
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FIGURE I. 

FHE angles ( A 5 y | ) in the fame 

me /egment of a circle are equal. 

FIGURE I. 

Let the fegment be greater than a femicircle, and 

draw es Nd ee §6to the centre. 

ee =a twice & OLitwite = y | 

(D3. pt, 20.) 

~& - 4. 
FIGURE. 1. 

FIGURE II, 

Let the fegment be a femicircle, or tefs than a 

femicircle, draw -—memene= the diameter, alfo draw 

@ = 4@ 2 ® = b (cafe 1.) 

2-4 
ea i 
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cS: ani 4 : ¢ and 

v of any quadrilateral figure in- 

feribed in a circle, are together equal to 

two right angles. 

the diagonals; and becaufe angles in 

the fame fegment are equal . = & : 

nu WwW = , 
add ~p to both. 

.&.V-9.V-7- 
two right angles (B. 1. pr. 32.). In like manner it may 

be fhown that, 

9.5-D 
ey 
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PAIPON the fame 

a ftraight — line, 

@| and upon the 

fame fide of it, 

two fimilar fegments of cir- 

cles cannot be conftructed 

| which do not coincide. 

For if it be poffible, let two fimilar fegments 

( and fo be conftructed ; 

draw any right line emmeses<— cutting both the fegments, 

draw RODE TNEE and a Iai SETRIPRICS 

Becaufe the fegments are fimilar, 

Be = & (Be 3s deren 

but & ES & (Ba sh peo Las) 

which is abfurd: therefore no point in either of 

the fegments falls without the other, and 

therefore the fegments coincide. 

OID 
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cles upon equal ftraight 

Lines ( meme 21114 cuore ) 

are each equal to the other. 

For, if ee... be fo applied to -. oo : 

that may fall on ——_——mme, the extremities of 

comes  I11aY be on the extremities ———_—_m=em=s and 

as at the fame fide as ae ; 

becaufe EO ——— 

9 muft wholly coincide with 

and the fimilar fegments being then upon the fame 

ftraight line and at the fame fide of it, mutt 

aifo coincide (B. 3. pr. 230)» and 

are therefore equal. 

Gor. D, 
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Se ese SEGMENT of a 

my A being given, to defcribe the 

' U circle of which it is the 

Segment. 

From any point in the fegment 

bifect ee age ee hae 

them, and from the points of bifection 

draw heeeieenenemetemnanl ef. RR PRET EEDISTES 

ANd — emenaanememe ne SES 

where they meet is the centre of the circle. 

Becaule sumer terminated in the circle is bifected 

perpendicularly by <eesee., it paffes through the 

Centre (B. 4: pr, 1.), likewie paffes through 

the centre, therefore the centre is in the interfection of 

thefe perpendiculars. 

Ouniaa: 
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Smeg! the arcs © he NLS on which 

fiand equal angles, whether at the centre or circum- 

ference, are equal. 

Pirit, let ae = ro at the centre, 

draw REESE and eaeauseec am, 

Then ‘fince @ ae oF 

es, 

S| and ati ccaunehdeusn have 

ee ee 9 

and == o 

a ance eee (B. I. pr. Aa) 

A — é UBaapiacOn) 

~C) ‘() are fimilar (B. 3. def. 10.) ; 

they are alfo equal (B. 3. pr. 24. ) 



110 BOOKWUH. PROPI AAS, “HECK. 

If therefore the equal fegments be taken from the 

equal circles, the remaining fegments will be equal ; 

hence —~ — Vw (aXe ds 

And. ou Nee aes 

But if the given equal angles be at the circumference, 

it is evident that the angles at the centre, being double 

of thofe at the circumference, are alfo equal, and there- 

fore the arcs on which they ftand are equal. 

Ons, 
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the angles A and A which ftand upon equal 

arches are equal, whether they be at the centres or at 

the circumferences. 

For if it be poffible, let one of them 

A be greater than the other A 

and make 

4-4 
ee ee ipr 20) 

but ~~ oe eran sans? (hyp.) 

oe Neer = A 2 part equal 

*e ‘2 
“fey Ph 

*fesana8® 

to the whole, which is abfurd; .°, neither angle 

is greater than the other, and 

se ntoey are equal, 
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| » 3 IN equal circles <= and oe 

equal Raans enessemes CUT on equal 

arches. 

From the centres of the equal circles, 

dr aw EE cen and (SMESBOMEED =e ec esains a 

and becaufe — eo 

ms 
© Ss 

Ww nn" 
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NGy : Va N equal circles -) and & 

the chords mm ({n( asnecseue which fub- 

tend equal arcs are equal. 

If the equal arcs be femicircles the propofition is 

evident. But if not, 

let = , SSS, and euamessam , Suereseeee 

be drawn to the centres ; 

becaufe “eef% == “eee (hyp.) 

and & — O> (B3-pr27)); 

but Re CT and A me a oe and wBeRaranas 

vite ———————— = mene Tee we ee we CB: ie pr. 415 

but thefe are the chords fubtending 

the equal arcs. 

Shab 
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Draw CDE AAAS 

make —E = Insc > 

memes | and it bifects the arc. 

Draw Beene Reo ws and = 

= ==-===— (contt.), 

is common, 

and & = & (contt.) 

oe Bee suena: _ Se (B. fe pr. 4.) 

yi = a (B. 3- pr. 20615 

and therefore the given arc is bifected. 

Q. E.D. 
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FIGURE I. 

ae N a circle the angle in a femicircle 1s a right 

1 & p angle, the angle in a fegment greater than a 

ee Jemicircle is acute, and the angle in a feg- 

lll ent lefs than a femicircle is obtufe. 

FIGURE I. 

The angle YY in a femicircle is a right angle. 

Draw somone: 9 een 

A — A and a — » CB ie pie gs) 

ap. + y \ = Y == the half of two 

right angles == a right angle. (B.1. pr. 32.) 

FIGURE II. FIGURE II. 

The angle A in a fegment greater than a femi- 

circle is acute. 

the diameter, and -sssssssmssss 

The [\4 = aright angle 

A A is acute. 

Draw 
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FIGURE III. 

FIGURE IIL. The angle ee. in a fegment lefs than femi- 

circle is obtufe. 

Take in the oppofite circumference any point, to 

which draw neomesemess 2110 veessessemen « 

rear P+ @& = CLV 
(Be 3. pias) 

but 3 | (a (partzs), 

o . 4 irobtute, 
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sme a right line 

iy 4 be a tangent to a circle, 

ye and from the point of con- 

tact a right line 

be drawn cutting the circle, the angle 

A made by this line with the tangent 

ts equal to the angle a in the alter- 

ate fegment of the circle. 

If the chord fhould pafs through the centre, it 1s evi- 

dent the angles are equal, for each of them is a right angle. 

[ieo: prs. 16, 31-) 

But if not, dra‘v ae PRATER from the 

point of contact, it muft pafs through the centre of the 

circle, (B. 3. pr- 19-) 

AQ = Chessy 

ee 4 oe 
w= Ae 

oa. CIN = >+6 
fa 2, pine ee) 

., fy = & » (ax.), which is the angle in 

the alternate fegment. 

Q. E. D. 



118 BOOTALT “PROP “YW On 

BUN a given ftraight line —— 

AMI to defcribe a Jegment of a 

YA circle that fhall contain an 

a) angle equal to a given angle 

NC. A. 
If the given angle be a right angle, 

bifect the given line, and defcribe a 

femicircle on it, this will evidently 

contain a right angle. (B. 3. pr. Fis) 

If the given angle be acute or ob- 

tufe, make with the given line, at its extremity, 

Ma = A draw omen | ncn and 

make 4 a P. defcribe C) 

WIth enema OF —m/ as radius, 

for they are equal. 

——ememe iS a tangent to 2 (Bip. 1G:) 

.. smu divides the circle into two fegments 
capable of containing angles equal to 

[ d and A which were made refpectively equal 

to Bu and 7 (Boo. pr. 32.) 

ED. 
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Ba)O cut off from a given cir- 

: cle a fegment 

which fhall contain an angle equal to a 

given angle & : 

Draw (eascoapi. 175) 

a tangent to the circle at any point ; 

at the point of contaét make 

a7 — y | the given angle ; 

and y contains an angle = the given angle. 

Becaule —m_mmeme iS a tangent, 

and mmm Cuts it, the 

angle in y = ® °:. 3- Pr. 32-), 

but  - , | (contt.) 

re ol oa 
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FIGURE I. 
9 E hive chords | SEES FI eS Ss De } in a cir c le 

} vy, a interfect each other, the rectangle contained 
Bnei) Ly the fegments of the one is egual to the 

RG contained by the fegments of the other. 

FIGURE: 

If the given right lines pafs through the centre, they are 

bifected in the point of interfection, hence the reétangles 
under their fegments are the fquares of their halves, and 
are therefore equal. 

FIGURE II. 

FIGURE II. 

Let <ss==...-ome= pafs through the'centre, and 
a Se Sm not; draw ‘hacia and “ASOLO 

Then x S2SU BS lo consunmenimnnmnn meme 

abkenie * Cee. pro 6, 
Of 3 eeeeeeeeee xX SER USERR ES Soe SRMEBB: coo 2 — senor” 

og EEE ~< SSR ee SS 6) > 4 

eansene= (B. 2. pr. 5.). 

FIGURE III. FIGURE III. 

Let neither of the given lines pafs through the 
centre, draw through their interfection a diameter 

and ssssee K=— = x 
2m uPee (Part. Zo} 
xX—=— x 

seoreme= (Part. 2.) ; 
oe’) CREAR x eeeeere eee > 4 =m , 

Q. B.D. 
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Res ee F fi rom a point without a FIGURE I. 

RW (any) circle two ftraight lines be 

2| drawn to it, one of which 

et) es 75 2 tangent to 

the circle, and the other mmm xu» smn 

cuts it; the rectangle under the whole 

cutting line m-soncmmmmm and the 

external fegment = 1s equal to 

the fquare of the tangent ———«~- , 

FIGURE I. 

Let =m -:+++smene pafs through the centre ; 

draw «eee from the centre to the point of contact ; 

or cnonmmemmoamamecs 7 — +1, ieee MINUS «awoere es 

a: nommarmmmene 2 i exeaniesss: >< (B 2. pr. 6) 

FIGURE II. FIGURE JJ. 

Tf -:sc0:ecmemme do not 

pafs through the centre, draw 

@tessisee and Saean wm . 

amon Se en ee ey minus @eabasaa 2 

(B. 2. pr. 6), that is, 
2 

© hk reRRnED x LFS ACEO ‘euoaes IAT minus nieninn ” 

> a ee * (8B. 3. pr. 18). 

eyo} 
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Ba from a point outfide of a 
ci D: circle two ftraight lines be 

re drawn, the 010 —sas 

Eretimera| cutting the circle, the 
other meeting it, and if 
the rectangle contained by the whole 
cutting [ine omnes and its ex- 
ternal fegment =merenen be equal to 

the /quare of the line meeting the circle, 
the latter —mm- is a tangent to 
the circle. 

Draw from the given point 
eee , a tangent to the circle, and draw from the 

centre ~ en g Seeewerse 4 and pay agar ait 

° nnn KK meemeee= (B. 3, pErgo.) 
DUt comes? Do > eemmesisaman XK enmncmeeen (hyp.), 

e 

e RE LEGLILIN CNEL SILI os ) 

and 

Then in Za. 33 Gg 

SO nHeconee ANd amvsemecninm — - Pee oe and anemia 

ras common, 

.9- (Be ts prea) 

but ey = Y a right angle (B. 3. pr. 18.), 

e a LN a right angle, 
and ,°, «wmmeeme if 3 tangent to the circle (B. 3. pr. 16.). 

OQ... .D; 



BOOK IV. 

Dir tN LiEdO INS; 

I. % 

709 | RECTILINEAR figure is 

#| {aid to be infcribed in another, 

A i} when all the angular points 

Ciaoeets) of the infcribed figure are on 
ae fides of the figure in which it is faid 

to be infcribed. 

ii. 

A Ficure is faid to be defcribed about another figure, when 

all the fides of the circumfcribed figure pafs through the 

angular points of the other figure. 

itt. 

A RECTILINEAR figure is faid to be 

infcribed in a circle, when the vertex 

of each angle of the figure is in the 

circumference of the circle. 

iV: 

A. RECTILINEAR figure is faid to be cir- 

cumfcribed about a circle, when each of 

its fides is a tangent to the circle. 
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V. 

A CIRCLE is faid to be infcribed in 

a rectilinear figure, when each fide 

of the figure is a tangent to the 

circle. 

Wok. 

A circte is faid to be circum- 

Jcribed about a rectilinear figure, 

when the circumference pafles 

through the vertex of each 

angle of the figure. 

Vv a Sicivcuneeiec 

M206 

A STRAIGHT line is faid to be zfcribed in 

a circle, when its extremities are in the 

circumference. 

The Fourth Book of the Elements is devoted to the folution of 
problems, chiefly relating to the infcription and circum/crip- 
tion of regular polygons and circles. 

A regular polygon is one whofe angles and fides are equal. 



BOCK. PROP. IT PROB. 

— 7 place a ftraight line, 

egual to a given firaight line (=m), 

not greater than the diameter of the 

circle. 

and f+. = ee, the 
the problem is folved. 

n 

But if ««+#+- — be not equal to ————, 

cue eats eed aad (hyp.) ; 

make ««««s90 ee (BL. pr. 3.) with 

dima as radius, 

defcribe e). cutting C): and 

draw  s.-—--, which is the line required. 

aos eee 

el ee — 

(B. 1. def. 15. conft.) 

Q. E. D. 

bee 
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meN a given circle 

@ to in- 

Scribe a triangle equiangular 

to a given triangle. 

To any point of the given circle draw emus » a tangent 

(B. 3. pr. 17.); and at the point of conta@ 

make ay — Fn 

and in like manner aA — —v and 

draw  aeiemeeemeienaalt 

Becaufe y = | (contt.) 

and A — vg (Boa. pr.-32..) 

VW = \ FF alfo 

V = v for the fame reafon. 

.v- = Vv. B. 1. pr. 32.), 
and therefore the triangle infcribed in the circle is equi- 
angular to the given one. 

QO, ED. 
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‘ce BOUT a given 

7 A 4 es circle (3 to 

circumfcribe a triangle equi- 

angular to a given triangle. 

Produce any fide -——__, of the given triangle both 

ways; from the centre of the given circle draw ————— , 

any radius. 

Make ® = a (3. yapr. 23.) 

and g = | ¥ 

At the extremities of the three radii, daw === _, 

——_—__me 2nd waseesee=, tangents to the 

given circle. (B. 3. pr. 17-) 

The four angles of , taken together, are 

equal to four right angles. (B. 1. pr. 52.) 
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but & and > are right angles (contt.) 

os MA —- % = is , two right angles 

but id = Ce (B. 1. pr. 13.) 

and % — , 4 (conft.) 

anit: r — y ‘ 

In the fame manner it can be demonttrated that 

ROS ae 
oe 4 aan y | (Bel ope go 

and therefore the triangle circumfcribed about the given 

circle is equiangular to the given triangle. 

Osha D: 
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fromthe point where thefe lines 

meet draw emmmmme. cose 

and -=«es= refpectively per- 

LLELELE LLIN D and GCOS STREETERS pendicular to 
9 

a Pa - 2....... 
COMMON, .°, =*=sestes= axassaue (B. 1. pr. 4 and 26.) 

In like manner, it may be fhown alfo 

that 1eossmommew — easmosnase 9 

races omm mmm SE =~ seceseve ees 

hence with any one of thefe lines as radius, defcribe 

and it will pafs through the extremities of the 

other two; and the fides of the given triangle, being per- 

pendicular to the three radii at their extremities, touch the 

circle (B. 3. pr. 16.), which is therefore infcribed in the 

given circle. 
s Ors 
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sae 

| O defcribe a circle about a given triangle. 

Make =e == Temnerens and 
encrecs= (B. 1. pr. 10.) 

From the points of bifeGtion draw messes and 

avtepnseee “5 sid. eee Telpec 

tively (B. 1. pr. 11.), and from their point of 
concourfe fee nee, eneeeceeee 211 

and defcribe a circle with any one of them, and 
it will be the circle required. 

=a 
BSeeivrertaas mame (contt.), 

—— Common, 

= Wom 
° =  smmmsnsarees a ape 

In like manner it may be fhown that 

e aaa oe 

ae BEeSU8CGEs ., Wares ; and 
therefore a circle defcribed from the concourfe of 
thefe three lines with any one of them as a radius 
will circumfcribe the given triangle. 

Os. IDs 
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(Se k %) N a given circle & to 

ey infcribe a fquare. 

Draw the two diameters of the 

circle -L to each other, and draw 

3 

isa {quare. 

For, fince eo and = are, each of them, in 

a femicircle, they are right angles (B. 3. pr. 31), 

imei | fe. teopr. 28)% 

and in like manner msmeummmnee ere. 

And becaufe £ = - (conft.), and 

aerda sesase —— (memes eeee  — FeOSseinises (B. 1. def. PS) 

. a (Be dp pr: 433 

and fince the adjacent fides and angles of the parallelo- 

gram are equal, they are all equal (B. 1. pr. 34); 

and .*, , infcribed in the given circle, is a 

{quare. Q. E. D. 
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far Greg BOUT a given circle 

C) to circumfcribe 

Seeuuuansuweemy Draw two diameters of the given 

= ' circle perpendicular to each other, 

and through their extremities draw 

a fquare. 

] 
i 
u 
a 
] 
" 
| 
| 
a 
i 
i 
i 
u 
a 
i 
i 

ae 9 ——— 7s and eee 

tangents to the circle ; 

and || is a {quare. 

4. 1 a right angle, (B. 3. pr. 18.) 

alfo \ & (Sy (contt.) 

resewence 3 in the fame manner it can 

be See that common ||] cre esse eess , and alfo 

that and s aeaemeemememenel {| re er 

ie |_| | is a parallelogram, and 

becaute a - Dp - \ = G - » 

they are all right angles (B. 1. pr. 34): 

it ig alfo evident that —_1|jTW_eseuee : 
b) 

and ——=ames= are equal. 

Sp | | is a {quare. 
CU eb: 
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and fince seceee SS cone (hyp.) 

oe 3 aspequilaterale(B.1. pr. 34.) 

In like manner, it can be fhown that 

= oy are equilateral parallelograms ; 

o, SA Lo Efe eee = woowo237333ccll O_O en 

and therefore if a circle be defcribed from the concourfe 

of thefe lines with any one of them as radius, it will be 

infcribed in the given fquare. (B. 3. pr. 16.) 

oie ay 
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HO defcribe a circle about a 

Draw the diagonal] s ssmssmsse es wea sis 

11d a“ interfecting each 

other; then, 

becaufe > and ~N have 

their fides equal, and the bafe 
ro enmese COMMON to both, 

es See 

or > is bife€&ted : in like manner it can be fhown 

that Pr, is bifected ; 

vy -h 
hence ec b= » their halves, 

; (B. 1. pr. 6.) 
ai in like manner it can 2 proved that 

—- ee icneaiag 
QEREN ESTAS NGS DAIS eeeasl —_ —SS8nnseeeae Pere err) 

If from the confluence of thefe lines with any one of 

them as radius, a circle be defcribed, it will circum{cribe 

the given {quare. 

tab. 
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gO conflruct an ifofceles 

if triangle, in which each of 

the angles at the bafe fhail 

| be double of the vertical 

Take any ftraight line ——mmmssess 

and divide it fo that 

— ee XK 
Coys2st pl aie) 

With mmmssm as radius, defcribe and place 

in it from the extremity of the radius, ——== <= —, 

oe bie 4 dla, en, 

Then x is the required triangle. 

For, draw  ——weeeeme and defcribe 

&@ about pe (B. 4. preps) 

Since SEES 2B 27 eem saunas“ : 

. 0 mmm 1S tangent to o.. (B. 3+ pr. 273) 

o A = ean Leg. jt 
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add dg to each, 

A + G9-N:¢4¢ 

_ “en 4. @- @ (5.1.5) 

{1NCC eens omemeren (6B. 1. pr. 5.) 

confequently A - oi aa ¢d - a 

(Bote preces 

em en (BB. . pr. 6.) 

Se . (contt.) 

~ Vg CBei ore 5 

A=-@ = B= A+ 
gd =a) twice ZO; and confequently each angle at 

the bafe is double of the vertical angle. 

OLED: 
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te Gey N a given circle 

to infcribe an equilateral and equt- 

an gular pentagon. 

Conftruét an ifofceles triangle, in 

which each of the angles at the bafe 

fhall be double of the angle at the 

vertex, and infcribe in the given 

circle a triangle equiangular to it; (B. 4. pr. 2.) 

Bite a and h\ (B. 1. pr. 9.) 

draw ee and wassu== , 

Becaufe each of the angles 

la y A. Bm and <\ are equal, 

the arcs upon which they ftand are equal, (B. 3. pr. 26.) 

and . a , —_—— , and 

<anuenane which fubtend thefe arcs are equal (B. 3. pr. 29.) 

and .*. the pentagon 1s equilateral, it is alfo equiangular, 

as each of its angles ftand upon equal arcs. (B. 3. pr. 27), 

a bee oie 8 
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eee| O defcribe an equilateral 
J and equiangular penta- 

| NPS] £07 about a given circle 

@» 

Draw five tangents through the 

vertices of the angles of any regular 

pentagon infcribed in the given 

circle C) (Bs <2spr. i777. 

Thefe five tangents will form the required pentagon. 

Draw = m\ and / 
Seecaanes ry 

————e (8. I. pr. 47), 

Smansnssem SS ~eenewwe 3 and arenes COMIINO 5 

yes y ve \ 4. (B. 1. pr..82) 

_\a = twice y er v men twice 4, 

In the fame manner it can be demonttrated that 

r4 twice a. and Ne — twice b: 

v — Py Berar rac ea ig Fe 
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.*. their halves 4 con b, alfo ( — ee and 

sonemeemee §=COMMON 5 

Ma = & oc —— Se, 
oo Sw ee = twice cesrenicenessiie 3 

In the fame manner it can be demonftrated 

that ee eee — twice — , 

but EE ee 

e =a © og EEE ieee cee SE ee 9 

In the fame manner it can be demonftrated that the 

other fides are equal, and therefore the pentagon is equi- 

lateral, it is alfo equiangular, for 

4) = twice a and \é == twice A, 

and therefore A = rN R 

‘ 4! sn \A: in the fame manner it can be 

demonftrated that the other angles of the defcribed 

pentagon are equal. 

Cae Dp 
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O infcribe a circle im a 

given equiangular and 

equilateral pentagon. 

y 
be a given equiangular 

and equilateral pentagon; it is re- 

quired to infcribe a circle in it. 

Make W = y ¥ and a =9 

Rec & (B. 1. pr. 9.) 

., WE ae 
and ——_ common to an two triangles 

eval. 5 

Os CO eee ee and Se a= & (B. Ae pr. 4.) 

And becaute & — F 4 ==) twice 

*, ee twice Vv, hence s is bifected by ———-mmmee , 

In like manner it may be demonftrated that is 

Becaufe CTY 

bifected by sercereces » and that the remaining angle of 

the polygon is bifected in a fimilar manner. 
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Draw g =weaemee  &c. perpendicular to the 

fides of the pentagon. 

Then in the two triangles and 

we have v - A. (contft. ) common, 

and ¢ a Me === a right angle; 

cen, a ROB e bids 14 pr. 26.) 

In the fame way it may be fhown that the five perpen- 

diculars on the fides of the pentagon are equal to one 

another. 

Defcribe e} with any one of the perpendicu- 

lars as radius, and it will be the infcribed circle required. 

For if it does not touch the fides of the pentagon, but cut 

them, then a line drawn from the extremity at right angles 

to the diameter of a circle will fall within the circle, which 

has been fhown to be abfurd. (B. 3. pr. 16.) 

Ger ep. 
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Li 
a 
& 
s 
‘ 
* 
a 
3 
s 
i] 
. 
" 
fl 
i 
i 
' 

b 
s 

4 

3 

Zs 

BH)O defcribe a circle about a 

e : given equilateral and equi- 

. : angular pentagon. 

from the point of fection, draw 

we mermm y and RC | 

Wid 
<= «sense (B. 1. pr. 6); 

_ Aan cm 4 and WORE R em mm common, 

re aw VX A: 
—S wevaneaes (B. 1. pr. 4). 

In like manner it may be proved that 

*#aseremanm —_-~ ee SS 9 and 
therefore Oe ES ee SS (eee, == 

AESRAELERE pas eapeennnneeeen bs 

Therefore if a circle be defcribed from the point where 

thefe five lines meet, with any one of them 

as a radius, it will circum{cribe 

the given pentagon. 
Ov. 
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O infcribe an equilateral and equian- 

i Rawal gular hexagon in a given circle 

@i 
From any point in the circumference of 

the given circle defcribe @ pafiing 

through its centre, and draw the diameters | 

RS ‘sasasnenentcnmanutnesnazan and 3 draw 

oneeemeen ~~ giecce and) the 

required hexagon is infcribed in the given 

circle. 

Since paffes through the centres 

of the circles, are equilateral 

triangles, hence a — Be = one-third of two right 

angles; (B. 1. pr. 32) but «4 = ARN 

(Bi. epi) 

.q - > — q = one-third of (AN 

(B. 1. pr. 32), and the angles vertically oppofite to thefe 

are all equal to one another (B. 1. pr. 15), and ftand on 

equal arches (B. 3. pr. 26), which are fubtended by equal 

chords (B. 3. pr. 29); and fince each of the angles of the 

hexagon is double of the angle of an equilateral triangle, 

it is alfo equiangular. Sah Ae OR 
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ae O infcribe an equilateral and 

1 equiangular quindecagon in 

a given circle. 

Let ccsememmm 20 ummm DE 

the fides of an equilateral pentagon 

infcribed in the given circle, and 

wwe the fide of an inscribed equi- 

lateral triangle. 

—— 5 meme 5 

circumference. and meerannenuemanen 

The arc fubtended by | oy : of the whole 

m= 1 
ieee 3 

The arc fubtended by of the whole 

circumference 

Their difference == +> 

»°. the arc fubtended by «mums == + difference of 
the whole circumference. 

Hence if ftraight lines equal to e#masmanae= be placed in the 
circle (B. 4. pr. 1), an equilateral and equiangular quin- 
decagon will be thus infcribed in the circle. 

©, fee DL): 
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Dian Pol IN ET PON'S. 

J. 

aay LESS magnitude is faid to be an aliquot part or 
: : fubmultiple of a greater magnitude, when the 

H} lefs meafures the greater; that is, when the 

tated) Je{s is contained a certain number of times ex- 

actly in the greater. 

ioe 

A GREATER magnitude is faid to be a multiple of a lefs, 

when the greater is meafured by the lefs; that is, when 

the greater contains the lefs a certain number of times 

exactly. 

rit 

Ratio is the relation which one quantity bears to another 

of the fame kind, with refpect to magnitude. 

av: 

Macnirupes are faid to have a ratio to one another, when 

they are of the fame kind; and the one which is not the 

greater can be multiplied fo as to exceed the other. 

The other definitions will be given throughout the book 

where their aid ts firft required. 
U 
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AXIOMS. 

a I. 

8 QUIMULTIPLES or equifubmultiples of the 

fame, or of equal magnitudes, are equal. 

AS then: 

twice A == twice B, that is, 

25 ere 

j: Acme oo bs 

PI 3 Dhaownaiat 3 

ECE roeG: 

and. + of A == 4 of Bs 

2Of See Paty 

SG, Occ. 

i 

A MULTIPLE of a greater magnitude is greater than the fame 

multiple of a lefs. 

Let A CC B, then 

ae | Re 8S 

2 A Lass 

4A0 4B; 
Sca.Oce. 

III. 

THAT magnitude, of which a multiple is greater than the 
fame multiple of another, is greater than the other. 

Let 2A (See. then 

Ae bs 
or, let.2 A [2 3.8, then 

rte gs 
or, let m A C2 m B, then 

ye BE 
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am F any number of magnitudes be equimultiples of as 

& iy) many others, each of each: what multiple soever 

S) ve | any one of the firft is of its part, the fame multiple 
a eel) (hall of the fir/t magnitudes taken together be of all 

the ee taken together. 

Let ()CICICIC) be the fame multiple of 7), 

thr POOP is of BY. 

tht OOOO? is of ©. 

Then is evident that 

aoe {2 

es SS & @& is the fame multiple of = 

900000 | lO 
which that )C)C)C)C) is of Q ; 

becaufe there are as many magnitudes 

fqqaaa (2 
in, 9URUP = {Fy 

Kexererexe lo 
as there arein ()()OQ)C)C) = am 

The fame demonftration holds in any number of mag- 

nitudes, which has here been applied to three. 

. If any number of magnitudes, &c. 
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game the fir/? magnitude be the fame multiple of the 

¥ & fecond that the third is of the fourth, and the fifth 

mY? the fame multiple of the fecond that the fixth 1s of 

So ae fourth, then fhall the firft, together with the 

fit, be the fame multiple of the Jecond that the third, together 

with the fixth, ts of the fourth. 

Let @ @@, the firft, be the fame multiple of @, 

the fecond, that >€) ©, the third, is of Cy, the fourth; 

and let @ @ @ @, the fifth, be the fame multiple of @, 

thé fecond, that (YC) (<>, the dixth, sof gy, the 

fourth. 

| eee a the firft and 
|@@ee 

fifth together, is the fame multiple of ©), the fecond, 

that | OOO : 
OOOO!) 

the fame multiple of ©), the fourth; becaufe there are as 

| @@@ | 
|\@eee@| 

so) er alee * 
DISS) 

Then it is evident, that 

the third and fixth together, is of 

many magnitudes in = @ as there are 

.. Lf the mrt macnitude, occ, 
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SEE the firft of four magnitudes be the fame multiple 

Tia) (aya) of the second that the rhird is of the fourth, and 
WW) ye if any equimultiples whatever of the firft and third 

Siliime<tl| be taken, thofe fhall be equimultiples ; one of the 

ani, and the other of the fourth. 

The Second, 

2) 

be the fame multiple of boa 

| 

The Third. The Fourth. 

which bog is of @; 
\o¢ 
\ @ 

| laa the fame multiple of ee. 

ae 
a | S70 

PTT) 

Then it is evident, 

iii The Second. | 

) all alana \ is the fame multiple of 4 =2a8 
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oon a 
Le ee 

becaute ¢ + contains < !))) $ contains cc a es 
L 

as many times as 

; o¢ : > contains | o¢ contains @. 

o- 

The fame reafoning is applicable in all cafes. 

<*, If the neit tour, éce; 
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DEFINITION V. 

Four magnitudes, @, 1), @, Y, are faid to be propor- 

tionals when every equimultiple of the firft and third be 

taken, and every equimultiple of the fecond and fourth, as, 

of the firft & & of the third 2 & 

&¢& ¢ o¢4¢ 
@ee60e@ O04 

SG 6¢¢ $9994 
Se6660 $9094 

ee Cle: 

ofthe fecond 9 of the fourth GH @® 

eee a nd 
ca he & aad 
em 
SEGRE 

Then taking every pair of equimultiples of the firft and 

third, and every pair of equimultiples of the fecond and 

fourth, 

‘ee c="2 SB 
ee@ - "2 SEE 
If;-@@ Cc ="23 BEB 

ee@-="23 BEB 
(\e@@ C= oO Sug 

& & c-or7g F 

¢@O0=7°30 Y 
then will < & @ foe pes Ol onl) a 

@ &@ ERs CO Oe oe | ee 

|@$@ CO =o be 
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That is, if twice the firft be greater, equal, or lefs than 

twice the fecond, twice the third will be greater, equal, or 

lefs than twice the fourth; or, if twice the firft be greater, 

equal, or lefs than three times the fecond, twice the third 

will be greater, equal, or lefs than three times the fourth, 

and so on, as above expreffed. 

Ht Ut al 

ie) Laz 

Hew Ut Tr 
R . 

In other terms, if three times the firft be greater, equal, 

or lefs than twice the fecond, three times the third will be 

greater, equal, or lefs than twice the fourth; or, if three 

times the firft be greater, equal, or lefs than three times the 

fecond, then will three times the third be greater, equal, or 

lefs than three times the fourth; or if three times the firft 

be greater, equal, or lefs than four times the fecond, then 

will three times the third be greater, equal, or lefs than four 

times the fourth, and so on. Again, 
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Or 

or 

or 

or 

nnn Heat Ut Ut Ul UUU LU nage “ 
or 

$909 OC =o 3 UY 
then $94 C, = or AAs 

ie $0066 0.=07 3 VUUY 

$666 Dao 5 FUNNY 
($¢06¢¢ CFC. =o 3 GUGUUY 

Ke. &e. 

And so on, with any other equimultiples of the four 

magnitudes, taken in the fame manner. 

Euclid exprefies this definition as follows :— 

The firft of four magnitudes is faid to have the fame 

ratio to the fecond, which the third has to the fourth, 

when any equimultiples whatfoever of the firft and third 

being taken, and any equimultiples whatfoever of the 

fecond and fourth; if the multiple of the firft be lefs than 

that of the fecond, the multiple of the third is alfo lefs than 

that of the fourth; or, it the multiple of the firft be equal 

to that of the fecond, the multiple of the third is alfo equal 

to that of the fourth; or, ir the multiple of the firft be 

greater than that of the fecond, the multiple of the third 

is alfo greater than that of the fourth. 

In future we fhall exprefs this definition generally, thus : 

IfM @C, =o 3» G@, 

when M @ Pee 

xX 
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Then we infer that @, the firft, has the fame ratio 

to ), the fecond, which @, the third, has to BH the 

fourth: expreffed in the fucceeding demontftrations thus : 

@O:8: 6:9; 
or thu, @: 8 —@:G; 

or thus, —— == s. : 
a 8 

“as @ is to Mf, so is @ to WF.” 

And if @ :  :: @ : WJ we hall infer if 

M @ ©, =ory~ @, then will 

M@ C,=>0 0” By. 

That is, if the firft be to the fecond, as the third is to the 

fourth; then if M times the firft be greater than, equal to, 

or lefs than m times the fecond, then fhall M times the 

third be greater than, equal to, or lefs than m times the 

and is read, 

fourth, in which M and m are not to be confidered _parti- 

cular multiples, but every pair of multiples whatever ; 

nor are fuch marks as @, W,  , &c. to be confidered 

any more than reprefentatives of geometrical magnitudes. 

The ftudent fhould thoroughly underftand this definition 

before proceeding further. 
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ego eat the firft of four magnitudes have the fame ratio to 

LOK the fecond, which the third has to the fourth, then 

any equimultiples whatever of the firft and third 

Pencil) o)0/] fave the fame ratio to any equimultiples of 

the SS iecaae and fourth; viz., the equimultiple of the firft fhall 

have the fame ratio to that of the fecond, which the equi- 

multiple of the third has to that of the fourth. 

Let @:M::@:@, then3 @:2M::3 0:2, 
every equimultiple of 3 @ and 3 ® are equimultiples of 

© and @, and every equimultiple of 2 J and 2 @®, are 

equimultiples of JJ and @ (B. s, pr. 3.) 

That is, M times 3 @ and Mtimes 3 @ are equimulti- 

ples of @ and @, and m times 2 JJ and m 2 ® are equi- 

multiples of 2 J and 2 @; but O: M:: O:B 

yp); af Ma @ CE, =, o = ~ 2 9. then 

M3 @ CC, =, o Daz & (def. 5.) 

and therefore 3 @:2 Q::3 @ : 2 BW (def. s.) 

The fame reafoning holds good if any other equimul- 

tiple of the firft and third be taken, any other equimultiple 

of the fecond and fourth. 

.. If the firft four magnitudes, &c. 
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wall one magnitude be the fame multiple of another, 

| | M which a magnitude taken from the firft 1s of a mag- 

| Were nitude taken from the other, the remainder fhall be 
SANS ye Jame multiple of the remainder, that the whole 
1s of the whole. 

gy A 
Let OO =M 

UO 

and |) = M’ «, 

aes aoe. 
EL OL® minus ~~) == M’ | minus M => 

O 

OP? 
= MINUS g), 

.°. If one magnitude, &c. 
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pea two magnitudes be equimultiples of two others, 

’ Ky and if equimultiples of thefe be taken from the firjt 

y Nea| two, the remainders are either equal to thefe others, 
timed) or eguimultiples of them. 

Let BS Ve Meaney oaconl he 

KF 

So, 
then OO minus m «= == 

Qo 
M’ » minus 7 # = (M’ minus 7) a, 

and ee minus #7 » tM’ « minus m 1s = 

(M’ minus m’) a. 

Hence, (M’ minus m7’) » and (M’ minus m’) « are equi- 

multiples of m and a, and equal to mand a, 

when M’ minus m’ == 1. 

.. If two magnitudes be equimultiples, &c. 
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eR TS the firft of the four magnitudes has the fame ratio 

\ f ) to the fecond which the third has to the fourth, 

Ne s) then if the firft be greater than the fecond, the 

HA third is alfo greater than the fourth ; and if equal, 

equal; if lefs, lefs. 

Let @: BE :: @ :@ $; therefore, by the fifth defini- 

tion, if @@C HE, theowl @w Clee; 

but if @ C BLte: @@cCc BE 

ind BHC OS, 
ad. BO. 

Similarly, if @ =, or — [J then will @ —, 

or 1 a : 

.. If the frit of four, é&c. 

DEEENPPLON: Xi. 

GEOMETRICIANS make ufe of the technical term “ Inver- 

tendo,” by inverfion, when there are four proportionals, 

and it is inferred, that the fecond ie to the firft as the fourth 

to the third. 

Let Av Be2C 2D, then, by ‘* invertendo” it is inferred 
Bs Ae Dee c 
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Let w:O:: 8: @, 

then, inverfely, J: @ ::@ : WE. 

IfM @& =] OU, then M & Im @ 

by the fifth definition. 

Let M @ I VU, thatis, m DOM, 

. MEBoOn6,o,.,6 CME; 

ifmOEM®, thnwillm@ CME. 

In the fame manner it may be fhown, 

that ifm CJ = or IM @, 

then will m 7 —,ocIM® : 

and therefore, by the fifth definition, we infer 

tht OO: 9: ®:@. 

.°. If four magnitudes, &c. 
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Ball the firft be the fame multiple of the fecond, or the 

1& ) fame part of it, that the third 1s of the fourth ; 

fi the firjt is to the fecond, as the third is to the 

Bratt fourth. 

Let the firft, be the fame multiple of @, the fecond, a 
ae’ 

that o¢ the third, is of @@, the fourth. 
A 

a .o@.. 0%. Th we °° 46° 

SE asf fina 
ae becaufe 
ae 

that ¢ % is of & (according to the hypothefis) ; 
a 

ae ae . ’ 
and M ~ is taken the fame multiple of 

“a ae 
that o¢ 4 OF th “ 0¢ ‘oo 

.°. (according to the third propofition), 

|| ; 
M is the fame multiple of @ 
ae 

take M 

is the fame multiple of @ 



POWs). PROP, C. -THEOR. 161 

Therefore, if M & be of @ a greater multiple than 
ge 

m @ is, then M 33 is a greater multiple of @ than 

m @pis; that is, if M — be greater than m @, then 

um @@ pr @ will be greater than m @ 3 in the fame manner 

-,, ae 
it can be fhewn, if M be equal then ae” @: 

M ¢ 4 will be equal ™ & . 
o4¢ 

| 
And, generally, if M OS Rae) gaan Be ea | ~ 

then M 33 will be =, = or — m @; 

.*. by the fifth definition, 

ae... ge: @:44':@ 

Next, let @ be the fame part of 

that & is of @ 4 

In this cafe alfo @: a ::@: 4 

For, becaufe 

ae . 
is the fame part of that & is of ad part of ay 

Y 

> 

>a + 

o¢ 
es 
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RUS, 2 AEP: hat 2S sof 

Therefore, by the preceding cafe, 

therefore is the fame multiple of @ 

by propofition B. 

.. If the firft be the fame multiple, &c. 
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eet the firft be to the fecond as the third to the fourth, 

vy) and if the firft be a multiple, or a part of the 

| 4 fecond ; the third is the fame multiple, or the fame 

=) part of the fourth. 

Let @ : m :: .% .. 
& © - 

and firft, let © be a multiple J; 
® & j 

. q fhall be the fame multiple of y. 

4 
First. Second. Third. Fourth. 

ee 4 

EF BOO 
00 dd 

ake UO ee & 

Take 0) = @@ 

Whatever multiple @ is of eS 
we i 

take OY the fame multiple of @, 
SS 

then ecaule >Ooe | 

hen, been ME OO 
and of the fecond and fourth, we have taken equimultiples, 

@ a, and therefore (B. 5. pr. 4), 
ee 6° 
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ad seed OF. CY but (conft.), 
@@°00 60°30’ 

e_o. ay %@ = OP 
00 = 00 PANO S = SS 

Ore, is the fame multiple of 
Oe: 

and 

that 
@ . 

is of : ee? 

Next, let J: oe + ~ 33. 

and alfo J a part of poll ; 

then @ fhall be the fame part of a ; 

Inverfely (B--5-), @ OF. 
eeu OO 

& 
but is a part of : 

te P @@ 

that is, oa is a multiple of a : 

.*. by the preceding cafe, 4 is the fame multiple of = 

that is, @ is the fame part of 4 4 
® 

' & that is of ' Ble 

.. If the firft be to the fecond, &c. 
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QUAL magnitudes have the fame ratio to the fame 

Let @ = ©@ and {) any other magnitude ; 

thn@ :@ =~ ¢@:Badw:@ =H: ¢. 

Becaufe @ = @, 

“ifM @ CC, mor 7 @G®, then 

M @c.=72378, 

and... @:8@ — @ - BB. 5. def. 5). 

From the foregoing reafoning it is evident that, 

fe c.so IM @, then 

»@ec.mo IM ¢ 

2 :@—B : @ (B. 5. def. 5). 

.°. Equal magnitudes, &c. 
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DEFINITION VII. 

When of the equimultiples of four magnitudes (taken as in 

the fifth definition), the multiple of the firft is greater than 

that of the fecond, but the multiple of the third is not 

greater than the multiple of the fourth; then the firft is 

faid to have to the fecond a greater ratio than the third 

magnitude has to the fourth: and, on the contrary, the 

third is faid to have to the fourth a lefs ratio than the firft 

has to the fecond. 

If, among the equimultiples of four magnitudes, com- 

pared as in the fifth definition, we fhould find 

@G@@6 © PNUD, but 

©9039 =o  YuoyS®, or if we thould 

find any particular multiple M’ of the firft and third, and 

a particular multiple m’ of the fecond and fourth, fuch, 

that M’ times the firft is [2 m’ times the fecond, but M’ 

times the third is not [2 m’ times the fourth, 7.e. == or 

—j m’ times the fourth; then the firft is faid to have to 

the fecond a greater ratio than the third has to the fourth; 

or the third has to the fourth, under fuch circumftances, a 

lefs ratio than the firft has to the fecond: although feveral 

other equimultiples may tend to fhow that the four mag- 

nitudes are proportionals. 

This definition will in future be expreffed thus :— 

IfM $C w O, but M Boo 4 @, 
then YW: OC #:®@. 

In the above general exprefflion, M’ and m' are to be 

confidered particular multiples, not like the multiples M 
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and m introduced in the fifth definition, which are in that 

definition confidered to be every pair of multiples that can 

be taken. It muft alfo be here obferved, that WW, O, M, 

and the like fymbols are to be confidered merely the repre- 

fentatives of geometrical magnitudes. 

In a partial arithmetical way, this may be fet forth as 

follows : 

Let us take the four numbers, §, 7, 10, and 9. 

Firft. | Second. | Third. | Fourth. 

8 7 10 9 

16 14. 20 (ea 
Laer 25 30 i Ae 

ao 28 40 36 
40 oS 59 45 
45 42 60 $4 

56 49 Zo 63 
64 56 80 72 
22 63 go ro 
50 7° [OOo go 

|} BS reA eos % 1 @ | & | we | od | yo4 gI 130 117 
112 98 140 126 
eg ee; &e | = &e. 

Among the above multiples we find 16 [2 14 and 20 

[= 18: that is, twice the firft is greater than twice the 

fecond, and twice the third is greater than twice the fourth; 

and 16 =] 21 and 20 =] 27; that is, twice the firft is lefs 

than three times the fecond, and twice the third is lefs than 

three times the fourth; and among the fame multiples we 

can find 72 [2 56 and 90 [X 72: that is, 9 times the firft 

is greater than 8 times the fecond, and g times the third is 

greater than 8 times the fourth. Many other equimul- 
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tiples might be selected, which would tend to fhow that 

the numbers 8, 7, 10, 9, were proportionals, but they are 

not, for we can find a multiple of the firft [= a multiple of 

the fecond, but the fame multiple of the third that has been 

taken of the firft not [2 the fame multiple of the fourth 

which has been taken of the fecond; for inftance, g times 

the firft is [C 10 times the fecond, but g times the third is 

not [—™ to times the fourth, that is, 72 EZ 70, but 90 

not [2 oo, or 8 times the firft we find [LC 9 times the 

fecond, but 8 times the third is not greater than g times 

the fourth, that is, 64 [2 63, but 80 isnot [2 81. When 

any fuch multiples as thefe can be found, the firft (8) is 

faid to have to the fecond (7) a greater ratio than the third 

(10) has to the fourth (9), and on the contrary the third 

(10) is faid to have to the fourth (9)a lefs ratio than the 

firft (8) has to the fecond (7). 
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NS F unequal magnitudes the greater has a greater 

AA ‘ ratio to the fame than the lefs has: and the Jame 

I fi magnitude has a greater ratio to the lefs than it 
Fash OH A as tot hi e gr cater. 

A 

Let §§§ and |~ be two unequal magnitudes, 

and @@ any other. 

A 

We fhall firft prove that §§§ which is the greater of the 

two unequal magnitudes, has a greater ratioto @ than, 

the lefs, has to @ ; 
A 

thai, BH: @cW:@; 
A 

take M’ i, ~’ @, M’' (J, and’ @; 

fuch, that M’ a and M’ 9 thall be each C @; 

alfo take m @ the leaft multiple of @, 

which will make m @ CM’ 7 =M' @; 

.. M © isnot Cl @, 

but M’ a isl m @, for, 

as m' @ is the firft multiple which firft becomes 2 M'®, 

than (m minus 1) @ orm @ minus @ isnot C. M’ , 

and @ is not [= Wa, 

°. mi @ minus @+@ muft be =] M’ MH + M'a; 

A 
that is, m’ @ muft be =] M’ & ; 

A ; , 

. M § is mw @ ; but it has been fhown above that 

Z 
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M’ §@ isnot (= 77’ ® , therefore, by the feventh definition, 

A 
Wi has to @ 2 greater ratio than MM: @. 

Next we fhall prove that @ has a greater ratio to [), the 
A 

lefs, than it has to WM, the greater ; 

A 
r@: 8 CO: g. 

Take m @, M’ &, m @, and M’ a, 

the fame as in the firft cafe, fuch, that 

M’ a and M’ @ will be each C @ , and m' @ the leat 

multiple of @ , which firft becomes greater 

than M’ gy = M’ | F 

2. m @ minus @ is not (lo M’ g. 

and @ is not ([ M’ a; confequently 

m @ minus @ +0 is —] M’ + Ma; 

A 

2 at @ isa M’ MB, and... by the feventh definition, 
A 

@® has to [i a greater ratio than @ has to gg. 

.. Of unequal magnitudes, &c. 

The contrivance employed in this propofition for finding 

among the multiples taken, as in the fifth definition, a mul- 

tiple of the firft greater than the multiple of the fecond, but 

the fame multiple of the third which has been taken of the 

firft, not greater than the fame multiple of the fourth which 

has been taken of the fecond, may be illuftrated numerically 

as follows :— 

The number 9g has a greater ratio to7 than 5 has to7 : 

that 13,007 f= 7 7 Oly te gaice eee, 



DOOR). PROPS. THEOR; yt 

The multiple of 1, which firft becomes greater than 7, 

is 8 times, therefore we may multiply the firft and third 

by 8, 9, 10, or any other greater number; in this cafe, let 

us multiply the firft and third by 8, and we have 64+ 8 
and 64: again, the firft multiple of 7 which becomes 

greater than 64 is ro times; then, by multiplying the 

fecond and fourth by 10, we fhall have 70 and 70 ; then, 

arranging thefe multiples, we have— 

8 times 10 times 8 times 10 times 

the first. the second, the third, the fourth, 

644+ 8 79 64. 70 

Confequently 64 =} 8, or 72, is greater thanzo, but 0+ 

is not greater than7o, .*. by the feventh definition, g has a 

greater ratio to7 than © has to7. 

The above is merely illuftrative of the foregoing demon- 

{tration, for this property could be fhown of thefe or other 

numbers very readily in the following manner ; becaufe, if 

an antecedent contains its confequent a greater number of 

times than another antecedent contains its confequent, or 

when a fraction is formed of an antecedent for the nu- 

merator, and its confequent for the denominator be greater 

than another fraction which is formed of another antece- 

dent for the numerator and its confequent for the denomi- 

nator, the ratio of the firft antecedent to its confequent is 

greater than the ratio of the laft antecedent to its confe- 

quent. 

Thus, the number g has a greater ratio to 7, than 8 has 
: 8 

to 7, for is greater than = 

Again, 17 : 19 is a greater ratio than 13 : 15, becaufe 
1 1 15 25! sty bey ye alte) ) $8 hs 
LT mee 17 X15 e255 ad Be = **7) hence it is 
19 19 X 15 285 15 Theo 29 285 

. 255 - 24 a of 
evident that =2 is greater than “47s, ! is greater than 

285 285 19 
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1 . 

2, and, according to what has been above fhown, 17 has 
2) 

to 19 a greater ratio than 13 has to 15. 

So that the general terms upon which a greater, equal, 

or lefs ratio exifts are as follows :— 

we be greater than =a A is faid to have to B a greater 

ratio than C has to D; ae be equal to =, then A has to 

B the fame ratio which C has toD; and oe be leis than 

= A is faid to have to B a lefs ratio than C has to D. 

The ftudent fhould underftand all up to this propofition 
perfectly before proceeding further, in order fully to com- 
prehend the following propofitions of this book. We there- 
fore ftrongly recommend the learner to commence again, 
and read up to this flowly, and carefully reafon at each {tep, 
as he proceeds, particularly guarding again{t the mifchiev- 
ous fyftem of depending wholly on the memory. By fol- 
lowing thefe inftructions, he will find that the parts which 
utually prefent confiderable difficulties will prefent no diffi- 
culties whatever, in profecuting the ftudy of this important 
book. 
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Ma AGNITUDES which have the fame ratio to the 

WAY Jame magnitude are equal to one another ; and 
gS) thofe to which the fame magnitude has the fame 

f) ratio are equal to one another. 

let @ :-8::@ : §, thn @ =—@.~ 

Ror, if not, ict & Ce, then will 

@ : w@C@: OW (Bs. pr. 8), 

which is abfurd according to the hypothefis. 

Re & is not [= @.- 

In the fame manner it may be fhown, that 

@ snot @> 

* © = @- 

Again, let @: @:: BB: @:, then wil @ = @. 

For (invert.) @ °c: @: &, 

therefore, by the firft cafe, @ = @. 

.. Magnitudes which have the fame ratio, &c. 

This may be fhown otherwife, as follows :— 

Let A: Bam A: C, then B==C, for, as the fraction 

— the fraction =, and the numerator of one equal to the 

numerator of the other, therefore the denominator of thefe 

fractions are equal, that is B= C. 

Again, ie hk CoA Boe C.. -Por, as ~ —_ “ 

Pmt C: 

A?’ 
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PEE PAHAT magnitude which has a greater ratio than 

another has unto the fame magnitude, ts the greater 
of the two: and that magnitude to which the fame 

ae BE has a greater ratio than it has unto another mag- 
nitude, 1s the lefs of the two. 

le OY: MC®@: , thn BC ®@. 

For if not, let @ = or 4 @ ; 

then, BW: = @: OW (BL. 5. pr.7) or 

VY: @O@: @ (s. «. pr. 8) and (invert.), 
which is abfurd according to the hypothefis. 

% IS NOt mest OF oad ®@., and 

. @ mutt be F @. 

Again, let 3: @ C @ :@, 

then, @ @. 

For if not, @ muft be = or =  F 

then |]: @ 2 +): @ (B. 5. pr. 8) and (invert.) ; 

o 8: @ = B: a (B.5. pr.7), whichis abfurd (hyp.); 

. @ isnt eC o =, 

d .°. @ mutt be —] ®. 

»*. That magnitude which has, &c. 
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y ATIOS that are the fame to the fame ratio, are the 

Ne fame to each other. 

Let @: B= @: Parr @:W=—.:e, 

then will ®@ : HE =a: e. 

For ifM @ C,=,0 1” @, 

then M @ == orn @®, 

andifM @ CC, =, or I « &, 

then M aC, =, or I] m @, (B. 5. def. 5); 

sifM @ C,=o vB, Msal,=,one, 

and .*°, (B. 5. def. 5) @ : 9 =a: e. 

.*, Ratios that are the fame, &c. 
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peme any number of magnitudes be proportionals, as 

| one of the antecedents is to its confequent, fo fhall 

HY all the antecedents taken together be to ail the 

confequents. 

Let#:@—-U:0=¢:F=e: v=: e; 

then will  : @ = 

M+ Ot+O Foti: @+ 04+ 0440. 
For ifM i Cw @,thnMO Cad, 

and M & Cu O@MeLn~y, 

allo VA, E77 On aes cel. 5.) 

Therefore, if M §j Co m @, then will 

ME+MO+M$4Me+Ma, 

or M EOF ® ofa) be greater 
than @ tn OtnOtrvtne, 
orm(@+tOTO + r+). 

In the fame way it may be fhown, if M times one of the 

antecedents be equal to or lefs than m times one of the con- 

tequents, M times all the antecedents taken together, will 
be equal to or lefs than m times all the confequents taken 
together. Therefore, by the fifth definition, as one of the 
antecedents is to its confequent, fo are all the antecedents 
taken together to all the confequents taken together. 

. If any number of magnitudes, &c. 
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Spe E the firft has to the fecond the fame ratio which 

eo) LS ) the third has to the fourth, but the third to the 

2 »N / fourth a greater ratio than the fifth has to the 

isa fixth; the firft foall alfo have to the fecond a greater 

ratio than the fifth to the fixth. 

Let BW: O=O8: 6, tur: 9 CO:@, 

then 9: OCO:©@. 

For, becaufe §: © CO: @, there are fome mul- 

tiples (M’ and m’) of Wi and O, and of © and @, 

fuch that M’ (i Con ©, 

but M’ & not CE a’ @, by the feventh definition. 

Let thefe multiples be taken, and take the fame multiples 

of @ and (). 

, (B. 5. def. 5.) if M @ C, =, or Iw O&; 

then will M’ 9, =, or 7 ©, 

but M’ CC 7 © (conftruction) ; 

~MeCzO, 

but M’ & is not 2 m @& (conftruction) ; 

and therefore by the feventh definition, 

¥:OCL oO: @. 

. If the firft has to the fecond, &c. 
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PRE the fir/t has the fame ratio to the fecond which the 

A>) € M| third has to the fourth; then, if the firft be greater 

Vy | than the third, the fecond fhall be greater than the 

Riel fourth ; and if equal, equal; and if lefs, lefs. 

Let BW: Ue: OH: @, and firft fuppofe 

BC MP thowllOl }. 

For @:O CM: U (B.5. pr. 8), and by the 

hypothefs, J:O = MW: @; 

* MB: ¢@C MH: 0 6B. 5. pr. 13), 
SD ey Bee re vennor Gy fe 

Secondly, let ( = WH, then will DO = @. 

For @ :C) = RG) (Baga 7), 

and W:O =: @ (hyp.); 

. B:O-8:¢ (BaGenmcran 

and .°, () = @ (B. Reape <0.) 

Thirdly, if JW 2 MW, then will DO FT @; 
becaufe J CC Bad: @ ee ee 

“. @ CO, by the firft cafe, 

that is, F 2 @. 

.. If the firft has the fame ae &c. 
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ip, d AGNITUDES have the fame ratio to one another 

\ which their equimultiples have. 

Let @ and ee be two magnitudes ; 

then, @: HH ::M @:M ®. 

For @:8=—@:8 

=@:8 

=@:f 

. @: 3:4 @ : 4. (B. 5. pr. 12). 

And as the fame reafoning is generally applicable, we have 

@:8::M@:mM. 

.*, Magnitudes have the fame ratio, &e. 
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DEFINITION XIII. 

Tue technical term permutando, or alternando, by permu- 

tation or alternately, is ufed when there are four propor- 

tionals, and it is inferred that the firft has the fame ratio to 

the third which the fecond has to the fourth; or that the 

firft is to the third as the fecond is to the fourth: as is 

fhown in the following propofition :— 

Le @:O:: BW: mB, 
by ‘* permutando” or “ alternando ” it is 

inferred @ : @:: @ :&. 

It may be neceflary here to remark that the magnitudes 

@, q, @, ™, muft be homogeneous, that is, of the 
fame nature or fimilitude of kind; we mutt therefore, in 
fuch cafes, compare lines with lines, furfaces with furfaces, 
folids with folids, &c. Hence the ftudent will readily 
perceive that a line and a furface, a furface and a folid, or 
other heterogenous magnitudes, can never ftand in the re- 
lation of antecedent and confequent. 
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ol es) F four magnitudes of the fame kind be proportionals, 

5 they are alfo proportionals when taken alternately. 

Le @:O: BM: @- thn YG: MB: Og. 

For M @g:MO:: w :U (8.5. pr. 15), 

andM w:MO)::@: & (hyp.) and (B. 5. pr. 11); 

alfo m Jj : m @:: ie = (Bi ipraa ss 

Me eMO:im & : m @ (B. 5. pr. 14), 

ad..ifM 9C.=o lo”, 

chen will) M () Ce, ==, or & CB egepre 1445 

therefore, by the fifth definition, 

¥:8::O:@. 

.*. If four magnitudes of the fame kind, &c. 
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DEFINITION XVI. 

DivipEenpDo, by divifion, when there are four proportionals, 

and it is inferred, that the excefs of the firft above the fecond 

is to the fecond, as the excefs of the third above the fourth, 

is to the fourth. 

bea Dee 

by ‘‘dividendo” it is inferred 

A minus B: B::C minus D: D. 

According to the above, A is fuppofed to be greater than 

B, and C greater than _); if this be not the cafe, but to 

have B greater than A, and D greater than Cc, B and D 
can be made to ftand as antecedents, and A andcC as 

confequents, by ‘ invertion ” 

Bee ec 

then, by ‘‘dividendo,” we infer 

B minus A :A :: D minusC :C. 
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| 3 A that 1s, oe two magnitudes together ie to one if 

Eilieed ho. the fame ratio which two others have to one 

of an the remaining one of the firft two shall have to the other 

the fame ratio which the remaining one of the laft two has to the 

other of thefe. 

Lt @+0:0:: 8+ 4: , 

then will @:O:: @: @. 

Take M @ Com U to each add M U, 

then we haveM @+4+MOC20O4MU, 

orM(8+O0)C @#+™) 0: 

but becaule W+-O:U:: B+ @ : @ (hyp.), 

andM (SW +O)C(@#+M)O; 

-M (@ + ©) 6 @+M) @ ©. 5. def. 5); 

~MB4+MO07~7O+4+M @; 

> M®@c~ @, by taking M ® from both fides : 

that is, when M @ Com OU, thanM BC @. 

In the fame manner it may be proved, that if 

M BW =o” JU, then will M | =or2™ @; 

and, @:CU::@: @ (B. 5. def. 5). 

.*, If magnitudes taken jointly, &c. 
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DEFINITION XV. 

THe term componendo, by compofition, is ufed when there 
are four proportionals; and it is inferred that the firft toge- 
ther with the fecond is to the fecond as the third together 

with the fourth is to the fourth. 

Vetee > BSseC =D: 

then, by the term ‘ componendo,” it is inferred that 

A+ B:B::C+-D:D. 

By ‘‘invertion” B and D may become the firft and third, 
A and © the fecond and fourth, as 

bo ee ee 

then, by * componendo,” we infer that 

BA: A::D+EC:C., 
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Si is magnitudes, taken feparately, be proportionals, 

i MM they fhall alfo be proportionals when taken jointly : 

iy VE Bi rhat is, if the firft be to the fecond as the third 1s 

Breil) fo the fourth, the firft and fecond together fhall be 

to the fecond as the third and fourth together 1s to the fourth. 

Let BW :UO::: @, 

thn @+U0:U::8 +: 6; 

for if not, let W+O:U0::5 +0:@, 

fuppofing @ut= @; 

~8:O:: 0 : @ CB. 5. pr. 17); 

but BW: O:: 1: @ (hyp.); 

- @:@::@ : @ (3. 5. pr 11) 

“. @= © (B. 5. pr. 9), 

which is contrary to the fuppofition ; 

. @ is not unequal to ® ; 

thatis @=— @ 

~ 9+0:0: 8 +4: ¢. 

.. If magnitudes, taken feparately, &c. 
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orem E a whole magnitude be toa whole, as a magnitude 

1) p taken from the firft, 1s to a magnitude taken from 

di the other ; the remainder Jeall be to the remainder, 
Mimeedll os the whole to the whole. 

Let @+O: M+ 6: 6: m. 
then wil: © :: @®+0: + @. 

Fo @ +O: OM + 6: (alter), 

“ UO: B:: ©: Ee (divid.), 

again () : @ :: WH: Be (alter.), 

but 9+ OO: + O:: OW: hyp); 
therefore 0: @ : @®+0:B+ 6 

(B. 5. pr. 11). 

.°. If a whole magnitude be to a whole, &c. 

DEFINITION XVII. 

THE term ‘ convertendo,” by converfion, is made ufe of 
by geometricians, when there are four proportionals, and 
it is inferred, that the firft is to its excefs above the fecond, 
as the third is to its excefs above the fourth. See the fol- 
lowing propofition :— 
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— i four magnitudes be proportionals, they are allo 

Rays Proportionals by converfion: that 1s, the firft 1s to 

Vy) a its excefs above the fecond, as the third to its ex- 

=f) ce/s above the fourth. 

Lt @O: OO: 
then thall @ OD: @ :Bo:8, 

Becaule @O: 0:8: ©; 

therefore @ :©:: HB: © (divid.), 

2 O:@ 5 ©: EE (aver), 

*@0:@ ::B ©: B (compo). 

.*. If four magnitudes, &c. 

DEFINITION XVIII. 

“Ex equali” (fc. diftantia), or ex equo, from equality of 

diftance: when there is any number of magnitudes more 

than two, and as many others, fuch that they are propor- 

tionals when taken two and two of each rank, and it is 

inferred that the firft is to the laft of the firft rank of mag- 

nitudes, as the firft is to the laft of the others: ‘‘ of this 

there are the two following kinds, which arife from the 

different order in which the magnitudes are taken, two 

and two.” 
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DEFINITION XIX. 

« Ex equali,” from equality. This term is ufed fimply by 

itfelf, when the firft magnitude is to the fecond of the firft 

rank, as the firft to the fecond of the other rank; and as 

the fecond is to the third of the firft rank, fo is the fecond 

to the third of the other; and fo on in order: and the in- 

ference is as mentioned in the preceding definition ; whence 

this is called ordinate proportion. It 1s demonttrated in 

Book 5. pre2g, 

Thus, if there be two ranks of magnitudes, 

A, B,C, WE? F, thedirtt rank; 

and L, M, N; O, P, Q, the fecond, 

(uch that Aces lo a ee ee 

Cp N (6-2 O Fe ae oe 

we infer by the term ‘ex equali” that 

ALE oO. 
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DEFINITION XX. 

«Ex aquali in proportione perturbata feu inordinata,” 

from equality in perturbate, or diforderly proportion. This 

term is ufed when the firft magnitude is to the fecond of 

the firft rank as the laft but one is to the laft of the fecond 

rank ; and as the fecond is to the third of the firft rank, fo 

is the laft but two to the laft but one of the fecond rank ; 

and as the third is to the fourth of the firft rank, fo is the 

third from the laft to the laft but two of the fecond rank ; 

and fo on in a crofs order: and the inference is in the 18th 

definition. It is demonftrated in B. 5. pr. 23. 

Thus, if there be two ranks of magnitudes, 

A,B. > By ee the frie rank, 

and %, Mi. N. ©. Ps Ws the fecond, 

fuch that A <B 2: P :0;8 :CeO0°-P, 

Gee 2 Or et Mee New Foe se 

the term “ex equali in proportione perturbata feu inordi- 

nata” infers that 

A> Be:2-lee Ye. 
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Pee E there be three magnitudes, and other three, which, 

f ) taken two and two, have the fame ratio; then, if 

ee the firft be greater than the third, the fourth fhall 
Risse) /,, greater than the fixth; and if equal, equal; 

and if lefs, lefs. 

Let @, ), @, be the firft three magnitudes, 

and @, <>, @, be the other three, 

fuch tht W:O::@:O,adO:B:: 0: @. 

Then, if § Cc, =, or 7] @, then wil © = 

or =] @. 

From the hypothefis, by alternando, we have 

9:00:06, 
and():©:: @: @; 

BF: Oo :: BM: @ (8. s. pr. 11); 

Roats, eso es ), then will se Bi apamn 

or] @ (B. 5. pr. 14). 

». If there be three magnitudes, &c. 
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gemma F there be three magnitudes, and other three which 

Gore ] have the fame ratio, taken two and two, but in a 

ONS) WE cro/s order ; then if the firft magnitude be greater 

=i) shan the third, the fourth fhall be greater than the 

fixth ; and if equal, equal; and 1 if lefs, lefs. 

Let , @, @®, be the firft three magnitudes, 

and @, (>, @, the other three, 

fuch that @: @ ::© :@, and @: BB: @:O 

Then, if @ , =, or 3 @, then 

will ©6@L. = 23 ©. 

Firft, let @ be I HR: 

then, becaufe @ is any other magnitude, 

~:a@CcC8:a WC oe lero) s 

:@:: OB: @ (hyp); 

.©:@C MH: @ (8. 5. pr. 13); 

and becaufe @ : 4B :: @: (hyp.); 

B&O: @ (in), 

and it was fhown that (>: @ CH: @, 

:-@C OC: (B. 5. pr 13)5 
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~@24, 

that is & _ ©. 

Secondly, let @ == M5 then thall @ = @. 

For becaufe W@W = @, 

© :@—B8: @ (B.5.pr.7); 

but @ : a=: @ (hyp.), 

and # : @ = © : @ (hyp. and inv.), 

eae oe wo @ (B. 5. pr. 11), 

. & = @ (B. s. pr. 9). 

Next, let be T) MM, then @ thall be TJ @ ; 

for Bc 9, 

and it has been fhown that 9 : a=: & 

ad @:9=—@:06; 

. by the firft cafe @ isc ©, 

that iss ®@ I] @. 

.”. If there be three, &c. 

2 
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PERSE there be any number of magnitudes, and as many 

g iy) others, which, taken two and two tn order, have 

| AS the fame ratio; the firft fhall have to the laft of 

S™ Ie jirft magnitudes the fame ratio which the firft 

a ie others has to the laft of the fame. 

N.B.— This ts ufually cited by the words “ex equal,” or 
vara ”) 

ex aqGuo. 

Firft, let there be magnitudes @ , @, WW, 

and as many others @; c: @, 

fuch that 

| ee Ak Or 

ad@®:#B::0O:@; 

then fhall B: 1 ::@:@. 

Let thefe magnitudes, as well as any equimultiples 

whatever of the antecedents and confequents of the ratios, 

{tand as follows :— 

® , @, |e @; ©» 6, 

and 

M@.7@,NU.M @.720, NO, 

becaufe WH: @ 3h € st OSS 

“ Me:n2@::M @ : 7D (B. 5. p- 4): 

For the fame reafon 

m@:NB:”O:N@; 

and becaufe there are three magnitudes, 

G0 
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M ie » 2 &> y N | - 

and other three, M * Or N @, 

which, taken two and two, have the fame ratio ; 

~ifM™ey C=, ocr TN 

then wil M @ £, =, or TN @, by (B. 5. pr. 20); 

and... H : M:: @ : @ (def. s). 

Next, let there be four magnitudes, @, @, 7), @, 

and other four, (>, @, m, a, 

which, taken two and two, have the fame ratio, 

that is to fay, @ : @:: ey 6. 

@:8::@: am, 

and i: @ ::m:a, 

then thal B : @::Q:a; 

for, becaufe WB, @, — , are three magnitudes, 

and <>, @, ™, other three, 

which, taken two and two, have the fame ratio : 

therefore, by the foregoing cafe, @ : 1 CO) i 

but HH: ::m:a; 

therefore again, by the firtt cafe, : > aie 
> 

y 

and fo on, whatever the number of magnitudes be. 

o*, lf there-be' any number, tcc, 
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ma there be any number of magnitudes, and as many 

Mya others, which, taken two and two in a crofs order, 

es have the fame ratio; the firft fhall have to the laft 

ester of the firft magnitudes the fame ratio which the 

feof of the others has to the laft of the fame. 

N.B.—This is ufually cited by the words “ex @quati in 

proportione perturbatd ;” or “ex @quo perturbato.” 

Firft, let there be three magnitudes, © ,(), §, 

and other three, ©, >, @> 

which, taken two and two in a crofs order, 

have the fame ratio; 

that is, BO 3: O:®@>, 

and() :*@§ :: @:O> 

then fhall © : 73 @:@- 

Let thefe magnitudes and their refpective equimultiples 

be arranged as follows :— 

¥.0.859,0®@, 

MMO." EM O."Os7@, 
then @:C ::M @: MCD (B. 5. pr. 15); 

and for the fame reafon 

‘Onn Mise :m™@®; 

but BO 3 OO: @ (hyp) 
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Mg MO :: Oo @ (2 3-pe.11): 

and becaufe (() : MM :: @ : © (hyp.), 

MO :af:: @: «© (B. 5. pr. 4); 

then, becaufe there are three magnitudes, 

M@y,MU,~@, 

and other three, M @, 7 ©, @, 

which, taken two and two in a crofs order, have 

the fame ratio; 

therefore, if M @ I, =, or I~ &, 

then will M @ CC, =, or Tm @ (B. 5. pr. 21), 

9: :: ©: @ (B. 5. def. 5). 

Next, let there be four magnitudes, 

v.08, ®, 
and other four, <>, @, mm, A, 

which, when taken two and two in a crofs order, have 

the fame ratio; namely, 

9 :UO:: mca, 

OO: :: @ : m, 

and #9: @::0O:@, 

then fhall BB : & oe © a 

For, becaufe ), CO), ff are three magnitudes, 



BOOK V. PROP. XXIII. THEOR. 197 

and @ , ma, A, other three, 

which, taken two and two in a crofs order, have 

the fame ratio, 

therefore, by the firft cafe," : @::@: a, 

ie a re :@, 

therefore again, by the firft cafe, 8 :@::0O: A; 

and fo on, whatever be the number of fuch magnitudes. 

, If there be any number, &c. 
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OEE the firft has to the fecond the fame ratio which 

NDS yp the third has to the fourth, and the fifth to the 

: Ny) VE g) Jecond the fame which the fixth has to the fourth, 

Te jirft and fifth together fhall have to the fecond 

the fame ratio which the third and fixth together have to the 

fourth. 

First. Second, Third. Fourth. 

Fifth. Sixth 

Let w:UO:: @: @, 

and >: U):: @: @, 

tha W+060:0U:: B+ @: @. 

For ©: U:: @: @ (hyp.), 

and () : @:: ®: GH (hyp.) and (invert.), 

“. CO: B:: @: @ (B. «. pr. 22); 

and, becaufe thefe magnitudes are proportionals, they are 

proportionals when taken jointly, 

~ F9+060:0:: O+ B: @ (8. s. pr. 18), 

but: O:: @: & (hyp), 

~ F+06:0:: @-+ HH: © (8. 5. pr. 22). 

ot. Jt the firtt, Se. 
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We F four magnitudes of the fame kind are propor- 

NWal| tionals, the greateft and leaft of them together are 

1 Noel greater than the other two together. 

Let four magnitudes, @ + UO), B+ 0, U), and @, 

of the fame kind, be proportionals, that is to fay, 

9+0:8+¢6::0:4, 

and let @ + © be the greateft of the four, and confe- 

quently by pr. A and 14 of Book 5, «» is the leaft; 

then will @ +O+ 6 bhkC @+o04d+uU; 

bcaue ye +O: B+e: 0:6, 

eB: e+O0: B+ Cs. pr. 19), 

but ew +OC B+ ® (hyp.), 

“. @ C @ CB. 5. pr. A); 

to each of thefe add UC) + @, 

~etO+¢Ce@+O+ @&. 

.. If four magnitudes, &c. 
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DEFINITION X. 

WHEN three magnitudes are proportionals, the firft is faid 
to have to the third the duplicate ratio of that which it has 
to the fecond. 

For example, if-A, B, C, be continued proportionals, 

that is, A: B::B:C, Ais faid to-have to G the dupli- 
cate ratio of A: B; 

a = ; A 
or = the {quare ofS : 

This property will be more readily feen of the quantities 
{FE OP pas OL AF 2 Bear 7 

a r? tl} a 

and’ —="Saw” SS thequare of —— == 7; 
ad ar 

of of 4, ar, ar?;: 

I aL I id 

for — == == the {quare of —- == -. 
ar. Tr ar r 

DEFINITION XI. 

Wen four magnitudes are continual proportionals, the 
firft is faid to have to the fourth the triplicate ratio of that 

which it has to the fecond; and fo on, quadruplicate, &c. 

increafing the denomination {till by unity, in any number 
of proportionals. 

For example, let A, 8, C, D, be four continued propor- 

tionals, that is, A: B:: B: C3: C: D; Ais faid to have 

to D, the triplicate ratio of A to B; 
A A 

or — => the cube‘of —. 
D B 
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This definition will be better underftood, and applied to 

a greater number of magnitudes than four that are con- 

tinued proportionals, as follows :— 

Letar’,a**sar, 4, be four magnitudes in continued pro- 

portion, that is,wr ae Se" tar lor se, 

a re a r? 

then — == 7° == the cube of —- =r 
a er 

Or, let ar’, ar*, ar®, ar’, ar, a, be fix magnitudes in pro- 

portion, that is 

BG BIA Gr LA ee 
3) 

or 
_ ar 

then the ratio 

Or, let a, ar, ar’, ar’, ar*, be five magnitudes in continued 

: a I a I 
proportion; then —, = | = the fourth power of — =-. 

a ie toh fe if 

DEFINITION A. 

To know a compound ratio :— 

When there are any number of magnitudes of the fame 

kind, the firft is faid to have to the laft of them the ratio 

compounded of the ratio which the firft has to the fecond, 

and of the ratio which the fecond has to the third, and of 

the ratio which the third has to the fourth; and fo on, unto 

the laft magnitude. 

For example, if A, B, Bg Ee : 

be four magnitudes of the fame ABCD | 

kind, the firft A is faid to have to PaGrK L | 

the laft D the ratio compounded M N | 

of the ratio of A to B, and of the §=~—————- --- 

ratio of B to C, and of the ratio art to 1) 3 Of, pie ratio of 

DD 
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\ to [1 is faid to be compounded of the ratios of \ to B, 

Bato Grand C ‘to: Ds 

And if A has to B the fame ratio which E has to F, and 

B to C the fame ratio that G has to H, and C toD the 

fame that K has to L; then by this definition, A is said to 

have to D the ratio compounded of ratios which are the 

fame with the ratios of E to F, Gto H, and K toL. And 

the fame thing is to be underftood when it is more briefly 

exprefled by faying, A has to D the ratio compounded of 

the ratios of E to F, G to H, and K to L. 

In like manner, the fame things being fuppofed; if (Vi 

has to '\ the fame ratio which A has to D, then for thort- 

nefs fake, \ is faid to have to WN the ratio compounded of 

the ratios of E to F, G to H, and K to L. 

This definition may be better underftood from an arith- 
metical or algebraical illuftration ; for, in fact, a ratio com- 
pounded of feveral other ratios, is nothing more than a 
ratio which has for its antecedent the continued product of 
all the antecedents of the ratios compounded, and for its 
confequent the continued produét of all the confequents of 
the ratios compounded. 

Thus, the ratio compounded of the ratios of 
Be Sy eat Fr, O21, Seay 

is the ratio of 2 X 4X 6X2:3X7X 11 ey 
or the ratio of 96 : 1 155, OF 2253-966. 

And of theanagnitudes A, B, C, D, E,, F.-of-the Game 
kind, A : F is the ratio compounded of the ratios of 

285 0 >, SC ae Ce 

for A XBxX CX DXE:Bx* ex DXEXF, 
, ASE OY Baek ‘4 Z Of FO Dee Sos the ratio of \ : F. 
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isety ee OS, 

Bes 2s 6, 

See Phen | Son Se 

Pic 3 ae Jem Goa 6 

AB doer 

GHEE Lb 

Then the ratio which is compounded of the ratios of 

423, B<C,-C2D; DD: B orethe: ratio-of A+ E, is the 

fame as the ratio compounded of the ratios of F:G, 

G:H, HK, K :1,6r the ratio of F: L- 

For 

re) 5 ca 
mo O10 Ole BI» 

AS EAC DP 
fade hee eae 

aie 375 

FE 
G2 

G 

H’ 

H 
° 

K, 
Ts 

gx GX HX EK 
SR ROC L” 

[= 7? 

or the ratio of A: E is the fame as the ratio of F: L. 

The fame may be demonftrated of any number of ratios 

fo circumftanced. 

Next, let A 

5: 

| OF: 

iss 

Bt Kh 2 Ly 

ee 5. ae © 

Lae Eh 

E:: F:G. 
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Then the ratio which is compounded of the ratios of 

A?B BeGs CrD, DE: cithe mtio-of AE, 16 tie 

fame as the ratio compounded of the ratios of K:L, H: K, 

GG? HF : G, or the ratio of F <b. 

For 

“ 

Fo bles 

IS gIO Cla Fle 

my 1G) 

als E 

- ae 
bal > 

I] 

or the ratio of Ay fis the fame ac the-mane of E=L, 

e’s Ratios which are compounded, &c. 
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Bema feveral ratios be the fame to feveral ratios, each 

| (UPA zo each, the ratio which is compounded of ratios 

| ee which are the fame to the firft ratios, each to each, 

4) fhall be the fame to the ratio compounded of ratios 

which are the fame to the other ratios, each to each. 

ABCDEFGH a oe: a 
| Pe ea Oe VWXYZ | 
i S Sa 

[ok Bea. ol and AMR PAO wes VW 

Ce yeec a CoD OR ia ee WX 

Dee ees end an E2F 2: Res a Re rs. 

and G2 H:: £32 Gib as ete Yee 

P A a 

For 3 — 3 =| ;= ~, 

ice ag Ce mien ne dane Pm | 

6 Tl ences 5 ae ara A ecceceaNn ted 

Fp ng rece vos fee Xx 

aaa a 
is ee ae pee 
‘| sae; sero Fae 

Pe 2S YN OOW xX BA 

and". GSR MS KT WX KXYX 2? 
p V 

and Ae 7 == 7? 

or Pe tT, = V: Zz 

°, If feveral ratios, &c. 
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Ql a ratio which is compounded of Jeveral ratios be 

WM the fame to aratio which is compounded of feveral 

= other ratios ; and if one of the firft ratios, or the 

Bottle ratio which ts compounded of feveral of them, be 

the fame to one of the laft ratios, or to the ratio which 1s com- 

pounded of feveral of them ; then the remaining ratio of the firft, 

or, if there be more than one, the ratio compounded of the re- 

maining ratios, fhall be the fame to the remaining ratio of the 
laft, or, tf there be more than one, to the ratio compounded of thefe 

remaiming ratios. 

ABC DoE rigs 
PO Rise & 

eC By By Ay ie eee Go ee Seah 

be the firft ratios, and P: Cy Ooo, Ss ee 

the other ratios; alfo, let A :H, which is compounded of 
the firft ratios, be the fame as the ratio of P : X, which is 
the ratio compounded of the other ratios; and, let the 

ratio of A : E, which is compounded of the ratios of A : B : 
B:C, C:D, D:E, be the fame as the ratio of P: Re 

which is compounded of the ratios P : Oro 2K, 

Then the ratio which is compounded of the remaining 
firft ratios, that is, the ratio compounded of the ratios 
iF, FsG, G : Hy that is the ratio of E- H, fhall be 
the fame as the ratio of R: X, which is compounded of 
the ratios of RiS,. S:T, Tsk, the remaining other 
ratios. 
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(tee MEAD XK EXEXG PD 
ee ee ck EG OX<-R >< 

He Be OC I I Te Sagh Aa Sa ns ak a 8, or a ce oe 
Ae re Oe Ere nreT TR 

4x 8 OO XD ee ane and OT SS I ener 
Pel Dt OR? 

9 GS ee, OO 
ren aon: Sel ee 

So hbe ee ye 
Ais Scan Gi 

ote) Ux 

.*. If a ratio which, &c. 
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aE there be any number of ratios, and any number of 

Wal other ratios, fuch that the ratio which 1s com- 

) pounded of ratios, which are the fame to the firft 

ratios, each to each, is the fame to the ratio which 

1s compounded of ratios, which are the fame, each to each, to 

the laf? ratios—and 1f one of the firft ratios, or the ratio which 

is compounded of ratios, which are the fame to feveral of the 

jirft ratios, each to each, be the Jame to one of the laft ratios, 

or to the ratio which is compounded of ratios, which are the 

Jame, each to each, to feveral of the laft ratios—then the re- 

maining ratio of the firft; or, if there be more than one, the 

ratio which 1s compounded of ratios, which are the fame, each 

to each, to the remaining ratios of the firft, fhall be the fame 

to the remaining ratio of the laft; or, if there be more than 

one, to the ratio which 1s compounded of ratios, which are the 

Jame, each to each, to thefe remaining ratios. 

hy Rony “hues | 

AB, CD, EF,GH,KL,MN, aicde fz 
ORR, ST, VW. ey, hkIimnp | 

2 abr ceed Cte 

Let ASB, CD, Et F, Gir. Koln hie ce 

firt ratios, and OTP, QiR, S27, VW. Bay ayn 
other ratios; 

and-ict iB. SS ae 

Gta aes Pee 

Bi arma aoa gf 

Go a a ee 

Riot decors ee 

ND a ee, 
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Then, by the definition of a compound ratio, the ratio 

Oly ig is compounded of the ratios of 2 :4,4<¢;¢ :dodie> 

ifs figs which are the fame as the ratioof A: B, C: D, 

for, GH, Kb, M:N, each to-each. 

Alfo, O :P remesip ld (hoa 4 

eis me he, 

ge i momen 215 7 

Vas WN) een, 

Mee Se ap: 

Then will the ratio of 4:p be the ratio compounded of 

fie ratios of A:k, &:/, 1:m, m:n, n:p, which are-the 

fame as the ratios of O :P, Q:R, §:T, V :W, X:Y, 

each to each. 

.". by the hypothefis 2:7 = A:9. 

Alfo, let the ratio which is compounded of the ratios of 

A:B, C:D, two of the firft ratios (or the ratios of atc, 

mt 2: B 7°, and C:D = 4c), be the fame as the 

ratio of a:d, which is compounded of the ratios of a:b, 

b:c, c:d, which are the fame as the ratios of O :P, 

oh, ST, three of the other ratios. 

And let the ratios of h:s, which is compounded of the 

ratios of h:k, k:m, m:n, n:s, which are the fame as 

the remaining fir{t ratios, hamey, Bat, Ge, Kee, 

M:N: alfo, let the ratio of e: g, be that which is com- 

pounded of the ratios e: f, f: g, which are the fame, each 

to each, to the remaining other ratios, namely, V:W, 

%:¥V. Then the ratio of h:s fhall be the fame as the 

Patio Of €: g ; Oy ih 6 = Ge 

ee Ce a a) XK cree AL 

OO Fx DXF MMM MN “UX eXdKe XS Xg’ 
EE 
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Ox OX SXIV GR a. hae 

and Px RS TY WX YE we 4 ee ae 

by the compofition of the ratios ; 

« WX PoC e Ka Xe ae 
SO ERE SE ROR a! 

Se UE RE UT SED SOW 

x Ex m xm xp (AYP) 
or aia x at ak MO _— ae ew a) x m Xn 

bX aXe x fre kx t Om ep a os 

but 22 AX © 7 OX Oo 8X ee 

bXe BX D PR RKTT. PRE KE Sere 

e Xd eX fF ee BO 

ET a Gs 

eK Ke er a he Om 

And xe XP ME) Bm es (hyp.), 

LCE me ee SE AE 

and n Xp bana fce (hyp.), 

on ne Ke. eee ihe od 

o* kM ie Oe ee ee 

° 
° 

° is (op) a’) 

.’. If there be any number, &c. 

** Algebraical and Arithmetical expositions of the Fifth Book of Euclid are given in 
Byrne’s Doctrine of Proportion; published by Wriirams and Co. London. 1841. 



VAT Se ee oh WOK 

cere ea eC 
BwoK. Vi. 

DEEINITIONS. 

a 
1. 

gomeg) ECTILINEAR 
S| fioures are faid to 

be fimilar, when 

. they have their fe- 

veral angles equal, each to each, 

and the fides about the equal Ty 4 

angles proportional. 

i, 

Two fides ot one figure are faid to be reciprocally propor- 

tional to two fides of another figure when one of the fides 

of the firft is to the fecond, as the remaining fide of the 

f{econd is to the remaining fide of the firit. 

att; 

A srraicutT line is faid to be cut in extreme and mean 

ratio, when the whole is to the greater fegment, as the 

greater fegment is to the lefs. 

Vs 

Tue altitude of any figure is the straight line drawn from 

its vertex perpendicular to its bafe, or the bafe produced. 



292 BOOK VI. PROP. I. THEOR, 

PRIANGLES 

and parallelo- 

grams having the 

&) fame altitude are 

to one another as their bafes. 

Let the triangles | and \ 

have a common vertex, and 

their bafes -—ammcas gpd == 

in the fame {traight line. 

both ways, take fucceffively on 

pro- 

duced lines succeflively equal to it; and draw lines from 

Produce 

—————= produced lines equal to it; and on 

the common vertex to their extremities. 

The triangles thus formed are all equal 

to one another, fince their bafes are equal. (B. 1. pr. 38.) 

and its bafe are refpectively equi- 

multiples of | and the bafe -=-smem | 
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In like manner and its bafe are ref{pec- 

tively equimultiples of \ anaetne bac 

.. Ifmor 6 times Fa Or al 7. 0r. 5 ies 

then m or 6 times == [= = or T] 7 OF 5 tM worm 

m and n ftand for every multiple taken as in the fifth 

definition of the Fifth Book. Although we have only 

fhown that this property exifts when m equal 6, and z 

equal 5, yet it is evident that the property holds good for 

every multiple value that may be given to m, and to z. 

eS i \ Sf mmm $ ane (B. 5. def. 5.) 

Parallelograms having the fame altitude are the doubles 

of the triangles, on their bafes, and are proportional to 

them (Part 1), and hence their doubles, the parallelograms, 

are as their bafes. (B. 5. pr. 15.) 

©, BoD: 



ae 
s 

a? 

e 

wees ewe ee eee 

* 
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: ‘, pre a firaight line 

{ AS be drawn parallel to any 

4 NE : fide ousseemanme of a tri- 

etl) one /o, it fhall cut the other 

Sl or thofe fides produced, into pro- 

portional fegments. 

And if any ftraight ling ———___<c 

divide the fides of a triangle, or thofe 

fides produced, into proportional feg- 

ments, it 1s parallel to the remaining 

Sid 22 nS ee EEE , 
elt dk kk isen 

LORIE Me 

Let ___ {| acl lad then fhall 

; so ok mn eee pas “esegewem © Bae ee a 

Draw and Pi MALORNE BITE. 8 

* 

and = oly. a7 pr. 37) 
A / 

», %, 

| lS oe . 5% 2 ° a o eo * eo ut F ° ° ; * ee * ° : %, (Bis <pr.7)s but 
s 2 : . e r ES p , e 

> 
ic’ 

: 
, + “ 

: ‘2, . aes om (B 6 pr ies 

= *, 

ne : seta da ce al tis Cen eeeeinne = CORGETLT SK Ge 

(Bb: Go Pie ike 
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PART II. 

5 «SSS 

NaF Tae 
becaufe eee ma ne we er a ee See FZ . *s : 

% 

and re we «= $ SeBRERG mma ee a : “ey, 

ee 
but emma § 7 we oe me an ig 2 ee ee ot oe : BARREL IER? (hyp.), 

but they are on the fame bafe s=ssaume . and at the 

fame fide of it, and 

Be —— {| a2uemee LB: AIA pr. PTORR 

O. E. D. 
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8) RIGHT “ine ( ) 

bifecting the angle of a 

triangle, divides the op- 

i pofite fide into segments 

9 -=ommmn) proportional ( 
to the conterminous fides ( 

ye 

And if a ftraight line (owns ) 

drawn from any angle of a triangle 

divide the oppofite fide (mmo ) 

into egments ( ° ~omenenme=) 

psa apemen tances eel oe 

b) 

proportional to the conterminous fides ( 

it bifeéts the angle. 

PART cs 

CO MECt eawanan teume Draw 2 Be Se oi ee {| ° 

then, | = & (B. 1. pr. 29), 

wba sw b=0.7 ad 
ssmeamamen — (B Te pr. 6) ; 

and becaufe  =--ssumsmssen {| Gaweewaneine , 

(BA O.eprs 2 ie 

but Senetrseasane ——— ET eis 4 

(B. 5. pr. 7). 
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PART. I, 

Let the fame conftru<tion remain, 

(Be-Opts. 2); 

but ome © gomceenn im 3 9 eee 2 es (hyp.) 

es es a2 e SLEEP ee o 0 HARRARMERTERE ams ewe Sy x 

(Bete ror, Tis 

and eo TENOR ERS OS CB. 5. pr. 6)s 

ands? d = Wi. Ig Pls Sj (Dut fince 

bifects i” . 

GubaD: 

and. s*, 



219 BOOK Vin PROP SY. “Tere, 

iN equiangular tri- 

and, an ) the fides 

about the equal angles are pro- 

portional, and the frdes which are 

oppofite to the equal angles are 

homologous. 

Let the equiangular triangles be fo placed that two fides 

ee, eee Oppofite to equal angles << and 

FEN. may be conterminous, and in the fame ftraight line; 

and that the triangles lying at the fame fide of that ftraight 

line, may have the equal angles not conterminous, 

1, es y oppofite to y or rN to A. 

Draw <««ses=— and » Then, becaufe 

A - A. een | err aa 
and for al like reafon, CU RS ms we ee Hi ORICA 

Serrancanesreneoe 

” i is a parallelogram, 

Boeasasersn os ed 

(Be. pre 

9 

But 
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and fince a (Be Ty pr, 30); 

mm Sconces sons = 3S = S cmiecemmmes | and by 

alternation, iene aaa a ens22an55Rm Ps me ee v 

CBee. Pr. 10); 

In like manner it may be fhown, that 

PARR . CBS AUMRIOBSD - SS CR ‘ed ISIS TSB RSEBSED 
e e 9 

and by alternation, that 

ROR EISLER ELITES. ® ee wee eeteraage e s - as 9 Smasnsanap 
3 

but it has been already proved that 

ved BERBASSE BOR : Tre TrTrr ye A 

and therefore, ex equali, 

Se se om ew eo © seeem en ee 
e eo 2 

(Bis. ptr 22), 

therefore the fides about the equal angles are proportional, 

and thofe which are oppofite to the equal angles 

are homologous. 

Gob Di 
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Pepe two triangles have their fides propor- 

VE tional ( ee 

:] —a_— ; ) and 
(Smmeerereme 3 hue 

> mommmemens ) ey are equiangular, 

and the equal angles are fubtended by the homolo- 

gous fides. 

From the extremities of ome draw 

eed and Araneae , making 

and confequently V —s 4 (Babar 32), 

and fince the triangles are equiangular, 

e ee oP tee ee * Sucagegumm os naive Ste RE RRR . SS EE 

but CORE R em em Seer ae meter Co TN 8 mene (hyp.); 

and confequently mee <= ee (Boo, pry5),. 

In the like manner it may be fhown that 
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Therefore, the two triangles having a common bate 

, and their fides equal, have alfo equal angles op- 

pofite to equal fides, 1. e. 

A ™ J and f\ er W iss os) 

put aon y (contt.) 

ands ss y = y*¥ for the fame 

reafon fA A. and 

confequently b = A (Brcin 32, 

and therefore the triangles are equiangular, and it is evi- 

dent that the homologous fides fubtend the equal angles. 

Onb=D) 
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angle a \ ) of the one, equal to one 

angle LA; of the other, and the fides 
about the equal angles proportional, the 

triangles fhall be equiangular, and have 

thofe angles equal which the homologous 

Sides fubtend. 

From the extremities of om, one of the fides 5 

ommummemmm Af). sensuesissas ; ee 

6 28 Se 

. | A, 2 w- Ma; then @ & 

OCICS RB Bae Md Pee 

(Boonie ays 

(B. 1. pr. 32), and two triangles being equiangular 

ome Gus eenee 
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cee aS (sate oe in every refpect. 

pr. 4). 

But SF = & (cont), 

ee Geer 

fince oe = A. 

edie ica: 
+% 
% 7 

HC coe anid Pa are equiangular, with 

their equal angles oppofite to homologous fides. 

i) 

‘aie Jeg BY 
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and 

4 
oon 4....%) have one angle in 
a 

- : each equal v4 equal to a yee 
| t fides about two other angles proportional 
we 5 

_— ot S$ remeants 8 camwemn y 

and each of the remaining angles ( Be 

and Ya’ ) etther lefs or not lefs than a 

right angle, the triangles are equiangular, and thofe angles 

are equal about which the fides are proportional. 

/ A 2 faa 

Firft let it be affumed that the angles . and Le 

are each lefs than a right angle: then if it be fuppofed 

that la and a contained by the proportional fides 

are not equal, let LA be the greater, and make 

CR IS 

Becaufe é aes a (hyp.), and a er < (contt.) 

-An., pr. 
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(B. 6. pr. 4), 
but SOTA RETR . pena nae, base 4mm = ¢ \wuecsaneee (hyp.) 

. a F§ KK © ¢ . 3 

ae —— (Ei 5. pr. 9), 

ew & 03.1. v5). 

But & is lefs than a right angle (hyp.) 

aes yX% is lefs than a right angle; and .°, & mutt 

be greater than a right angle (B. 1. pr. 13), but it has been 

proved <= A and therefore lefs than a right angle, 

which is abfurd. .°*. 4 and ran are not unequal ; 

.*. they are equal, and fince 4 = A (hyp.) 

- tt = a (B. 1. pr. 32), and therefore the tri- 

angles are equiangular. 

But if le and A be affumed to be each not lefs 

than a right angle, it may be proved as before, that the 

triangles are equiangular, and have the fides about the 

equal angles proportional. (B. 6. pr. 4). 

0 yed Da BF 

GG 
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ame N a right angled 

triangle 

atte | Me ie 
a Nees ( ) 

be drawn from the right angle 

to the oppofite fide, the triangles 

( Ma ‘ N ) on each fide of it are fimilar to the whole 

triangle and to each other. 

Becaufe q - G :: sts AX 1), and 

y | common to > we y 

2 4 i: - 1. pr. 32); 

y XN and a are equiangular; and 

confequently have their fides about the equal angles pro- 

portional (B. 6. pr. 4), and are therefore fimilar (B. 6. 

deta: 

In like manner it may be proved that N is fimilar to 

y N ¢ but i has been fhewn to be fimilar 

y Vw Pw 
fimilar to the whole and to each other. 

GB. 
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WROM a given ftraight line (-""""") 

to cut off any required part. 

From either extremity of the 

given line draw semewsrsannrs making any 
ed SQ SEGUE E ERB Beese 

* 

* 
* 

. 
+ 

angle-with sseeere== 5 and produce 

womeamesaiss: till the whole produced line 

er ee TL) contains 2S SAS often as 

—<auewsseuse~ Contains the required part. 

and draw 

For fince <«=sex=s0== I] ‘ave 

es REE RR td eueuweswon 00 AS =O oo ee ae a ee 
° ee e 

(B. 6. pr. 2), and by compofition (B. 5. pr. 18); 

2 

but meses CONTAINS === ac often 

25 «mummenssee= Contains the required part (conft.) ; 

°, commons is the required part. 

O-ieD: 
~ 
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PaO divide a ftraight 

soera| /ine ( 

SOY : fimilarly to a 

) given divided line 

——) 

(—————). 
From either extremity of 

the given line rani meas 

draw SPVese se Bem ww oO Hw we) Oe me 

making any angle; take 

seensenemmen ewe nmenas and 
re ee, eee ee qual tO samme , 

Nd ee =refpectively (B. 1. pr. 2); 

draw ———— , and draw -asesess= and 
Se {| to it. 

Since { sxssnsenn | are |], 

(BO. pr. 2), 

OF ef (contt.), 
and ween 2 teemanene 

(38,6. pr 2), 
: i (conft.), 

and ,°, the given line ————----~= 16 divided 

fimilarly tO ase cesses 

Q.E. D. 
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( eemmemneee and caemmccoeams 

F 
5 
g 
g 
& 
& 
& 
@ 
& 
& 
& 
a 
® 
& 
@ 
£ 
2 
® 
& 
& 
& 
& 
& 
z 

line Se draw 

making an angle; take 

Cee 8 8 8 8 8 

draw ——emmmem § 

make ac ba tunes atime (onames TTT 

and draw eee {| ——— 

r) 
r 

¢ (Bet. prs 41.) 

———-—-._ 1s the third proportional 

to WS 6 iia eee ee 

For fince ame || oman met me g 

[DO pre 2); 

(B. 5. pr. 7). 

Q.E.D. 
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2 O find a fourth pro- 

| portional to three 

“Age eieaae i tat Ge | 

SMM we & 

PERC LEER REESE ET Ee EF] J 

Draw 

and -*‘__—_— making any angle ; 

tak€ cotemem SS saeco ; 

and eA REARMIE eas Trt Ff ala 

alfo diana: one mn BO BEBE WR RRL 

draw 

and as 6S es {| 

(Bio lespipeaie: 

mms 1S the fourth proportional. 

On account of the parallels, 
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m|O find a mean propor- 

tional between two given 

aN ea| /traight lines 

acne 

Draw any ftraight line men yt 

make — Le 

and —— | WEtInAISRRED bifect 

and from the point of bifection as a centre, and half the 

line as a radius, defcribe a femicircle ‘ees : 

draw BRS ue . ° 

is the mean proportional required. 

Draw and «wnsivsneme « 

Since & ig menient angle DB. 4. pr. 31); 

and —_ is |. from it upon the oppofite fide, 

2 “eee is a mean proportional between 

wees and ome (B. 6. pr. 8), 

and .°, between ~ssen=e==e= and ««s<ss==«» (conft.). 

OfreD 



232. BOOK VI. PROP. XIV. THEOR. 

i 

PRQUAL parallelograms 

and . ¥ 

which have one angle in each equal, 
have the fides about the equal angles 

reciprocally proportional 

(—— > — fo = > a), 

II. 

And parallelograms which have one angle in each equal, 
and the fides about them reciprocally proportional, are equal. 

Let 

and -—mmmamme . be fo placed that  <tnmencsssme 

and ——memee § ANd 

ANG eee em may be continued right lines. It is evi- 

dent that they may affume this pofition. (B. 1. prs. 13, 14, 

15.) 

Serie ae 

Since 4 X\ 
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(By On pr. is) 

The fame conftruction remaining : 

\ (GeO. "pr. 1.) 

: (hyp.) 

» \ (BoOs- pr. Is) 

ot . Y  \ \ - \ Saas ew 8 CD. 

od. WA 

ane ON 

ee 

(Bas. prod )e 

Q. E. D. 
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ip 

PAQUAL triangles, which have 

one angle in each equal 

osceal (Q> = @) toere 
ides about the equal angles reciprocall q S ip by 
proportional 

il, 

And two triangles which have an angle of the one equal to 
an angle of the other, and the fides about the equal angles reci- 
procally proportional, are equal. 

Ne 

Let the triangles be fo placed that the equal angles 

& and ae may be vertically oppofite, that is to fay, 

{0 that t-_-rs= and -__—_—<_ may be in the fame 

{traight line. Whence alfo 

be in the fame ftraight line. (B. 1. pr. 14.) 

anid saeesemenssy Inthe 

Draw eaneneme= then 
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(Bees spies lx) 

[Me 

Let the fame conitruction remain, and 

ae 
4 
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ww 
Oo 

PAR'T I. 

eemepgmmee| | four firaight lines be proportional 
Ex -& >: | ( e oe ° soem cme me mat Ny | Se 6 THD )? 

Mo seeewemen ) contained | the rectangle ( 

a by the extremes, 1s equal to the rectangle 
(comes XK neennun= ) contained by the means. 

PART II. 

And if the reét- 

angle contained by 

the extremes be equal 

to the reétangle con- 

tained by the means, 

the four ftraight lines 

Se a ere ne are proportional. 
PESTO RRP Reo ee 

PART TI. 

From the extremities of =e. and ==uessmmm=e draw 

and 

and <sassuees refpectively : complete the parallelograms 

And fince, 

| to them and =m 3 «assenc= aan 

: = 38 teessemnes $ sweeeemee (hyp.) 

Soaeetaenemennan oon (contt.) 

MEE = Feo 
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that is, the rectangle contained by the extremes, equal to 

the rectangle contained by the means. 

PAR eesti. 

Let the fame conftruction remain; becaufe 

BRASS SS SS SEE =- “a 

and REEL ITT. Om he ew 

og NARESH 5 CMS § | AA 9 

CB. De pre 14). 

But 

21d es SS seeeeene (Cont) 

¢ 6 
ae weemewnaraee 

(Bet os iheZ)s 

Q. E. D. 
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LEPC Af 

SIF three flraight lines be pro- 

Sie rectangle under the extremes 

1s equal to the fquare of the mean. 

PART II. 

And if the rectangle under the ex- 

tremes be equal to the fquare of the mean, 

the three ftraight lines are proportional. 

then . co SERENA ¢ See 9 

re Sa x bee ee >< Reese ei ts 

a 4 
Of <=" Se 9 thercrore, af tne thece {traight lines are 
proportional, the rectangle contained by the extremes is 
equal to the fquare of the mean. 

PART I. 

Affume <= cme 5 then 
x Te x ED 9 

° <<< . qa bap Sa 

(Be O.pennes-and 



BOOM iT, PROPIAVUT “THEOR. 220 

oN: jfimilar toa given one ( ~~» ) 

and fimilarly placed. 

Refolve the given figure into triangles by 

drawing the lines -------- and. «manracnw 

At the extremities of mmm make 

p~ = Pao -\ 

again at the extremities Of mmemmmemme make <q = Ww 

and 4 = €\: in like manner make 

Pp — \ y and » se ». 

Then D> is fimilar to »> 

It is evident from the conftruction and ( pre 32) that 

the figures are equiangular ; and fince the triangles 

~~ and a equiangular; thenby(B.6. pr. 4), 

@ 
RATATAT od Base Rane som ° en SEER 

al 
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Again, becaule » | and » | are equiangular, 

as OC sedrvenewrd. © © 
se 2 >) 

In like manner it may be fhown that the remaining fides 

of the two figures are proportional. 

. "a (Bao, deh: Ta) 

and fimilarly fituated ; and on the given line 

Q. E. D. 



Ta Nesehe IMILAR ¢@¢rian- 

gles | A 

\ are to one and 

another in the duplicate ratio 

of their homologous fides. 

eet ix and A be equal angles, and +s#00» seems 

and commas homologous fides of the fimilar triangles 

a A and On <*ss=ss——__= the greater 

of thefe lines take s=sasss a third proportional, fo that 

S008 5 eee : STS PET DOR ILLER EA ig od SARERSESS 6 

draw SSUSVET TOTS 

(BiG, Pi-a)s 

CB. fe pie 105 \4lts), 

DUt c:cetes 5 ume $9 cep $ eronesee (contft.), 

amemeunmmmmes S$ wussmsm SS Oe $ commerce contfe- 

a 
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quently A rome 4 for they have the fides about 

the equal angles A and A ce proportional 

(BO. pris) 5 

ay 5 pi. 7)5 

(BaOe its 19 

AAR 
that is to fay, the triangles are to one another in the dupli- 

cate ratio of their homologous fides 

omomom=ss> 2)( «:0.s mmm (B. 5. def. LE 

Ocbob: 
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: ; oA ) vided into the 
LC et I: fam 0 paeber of 

fimilar triangles, each fimilar 

pair of which are propor- 

tional to the polygons; and 

the polygons are to each other 

in the duplicate ratio of their 

homologous fides. 

Draw meee and 

mastissssmen , and 

and ----nenn== » refolving 

the polygons into triangles. 

Then becaufe the polygons 

are fimilar, a-a@ 

and CSET saguauanws $6 6 ww ewww were 

a A are fimilar, and a: & 

fo GDh O)4 

but _ = & becaufe they are angles of fimilar poly- 

gons ; therefore the remainders A and & are equal ; 

hence Pept Pet td 4 SueRpvuwewe : S =a oe a om ee . ° 

on account of the fimilar triangles, 
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and essen nem $ 

on account of the fimilar polygons, 

pigs SeSseeeiwaze e “vcananeysnaaetie eet ee © Seeinenaatnteneteiientionamnil r) 

ex equali (B. 5. pr. 22), and as thefe proportional fides 

contain equal angles, the iD os SD 

are fimilar (B. 6. pr. 

In like manner it may be fhown that the 

triangles Vv and Vv are fimilar. 

y A 1s to =f in the duplicate ratio of 

'eenemeees [) emasemene eer 6. pr. 19), and 

la is yg in like manner, in the duplicate 

ratlo Of axnmeremese CO =sseeanemme s 

mene 

Again + is to , in the duplicate ratio of 

ome ((Q) eee | ™ / is to V mn 
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to e the duplicate ratio of 

. al all 

and as one of the antecedents is to one of the confequents, 

fo is the fum of all the antecedents to the {um of all the 

confequents ; that is to fay, the fimilar triangles have to one 

another the fame ratio as the polygons (B. 5. pr. 12). 

y is to y in the duplicate ratio of 

nc ° 

~ 3 is A in the duplicate 

BATIO OL ene 

Oe 
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i ~ and >. , 

which are fimilar to the fame figure ( > ) 

are fimtlar alfo to each other. 

Since ~~ and ~ are fimi- 

lar, they are equiangular, and have the 

fides about the equal angles proportional 

(B. 6. def. 1); and fince the figures 

~~ and | ~~ are alfo fimilar, they 

are equiangular, and have the fides about the equal angles 

proportional; therefore ~~ and ~~ are alfo 

equiangular, and have the fides about the equal angles pro- 

portional (B. §. pr. 11), and are therefore fimilar. 

OLEsm 
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Dieatlinerdl fimilar rectilinear figures 

hi Wiss described on them are alfo pro- 

portional. 
PART II. 

And if four fimilar reétilinear 

figures, fimilarly defcribed on four 

ftraight lines, be proportional, the 

frraight lines are alfo proportional. 

PART I. 

Take =--cseeee- a third proportional {CO sunsasmmammeas: 

and snemeseses a third proportional 
2 

tO ne And omen (B. 6. pr. 11); 

fince ES © SSS 9S Pl neeeemmnnal (hyp.), 

<e $ ouasonmnmn oS SmneE 9 menwemenees (contt.) 

eenGew equa 

PART I. 

pepe four firaight lines be pro- 

3) apa] portional] (—— — 

Bl st mee fm), the A A ae 
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ww «x 5o 
(eg priedul)s 

PART II. 

Let the fame conftruétion remain : 

7 © OO 
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3 QUIANGULAR parallel- 

ograms ( , | and 

EE . | ) are to one another 

in a ratio compounded of the ratios of 

their fides. 

Let two of the fides —mmmmmeme and 

«..«. about the equal angles be placed 

fo that they may form one ftraight 

line. 

since W + 4 = (AEN: 

and — VG yp. 

| a & ae (ales 

and .°, ~<~u__wm_—_< 2d _— form one ftraight line 

(Bat opie rage 

complete f. 

Since y fj . fi 23 a aeaeneneeieineemenall : Susseue 

(Bec spre 430. 

ana ff ae :: oem SU 
C20; pr. 1), 

sy ...: to fo a ratio compounded of the ratios of 

ne} 
i 

weemum ¢ and of ommammaxcmmm  [() 

K K GoD, 
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| page| N any parallelogram ( | A 

Se ied dk which are about 
the diagonal are fimilar to the whole, and 

to each other. 

and i dA have a 

common angle they are equiangular ; 

but-becatle -<ascee. | eee Ee 

- War | a are fimilar (B. 6. pr. 4), 

5 
and the remaining oppofite fides are equal to thofe, 

ey iar A the fides about the equal 
angles proportional, and are therefore fimilar. 

In the fame manner it can be demontftrated that the 

parallelograms i. Bl acc fimilar. 

Since, therefore, each of the parallelograms 

dl and BF .. fimilar to li they are fimilar 
to each other. 

OB SP 
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BHO defcribe a rectilinear figure, 

: which fhall be fmilar to a given 

s | reilinear figure ( - \, and 

equal to another & }s 

WipON setae delcribe a = - 

ANd pO smn delePiee ii — &., 

and having ped = yp I. pr. 45), and then 

ewe and ==eemumme will lie in the fame ftraight line 

(Beis Piss °20;-44), 

Between —. and «mmuanene find a mean proportional 

(iso. ir tt) andsupon 

defcribe y © fimilar to yy 

and fimilarly fituated. 

Then ia oe a. 

For fince y and y N are fimilar, and 

2 sasaemme (contt.), 
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but 1 . 4 Soe 2 eememme (B. 6. pr. 1); 

ee y : ,y N :: Ga: ate: 

but i, a . (conft.), 

ands", y N = & (Be Ge Pitas 

and re = o (conft.) ; confequently, 

y N which is fimilar to - isaliore= &. 

OED: 
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~~ F fimilar and fimilarly 

| pofited parallelograms 
ass 
have a common angle, they are about 

the fame diagonal. 

For, if pofiible, le 

be the diagonal of LTV and 

draw ae {| “SORTER ROCA (B. Me pr. cP 

Since pe de LT. about the fame 

diagonal —==———"=—mmemy, ,, and have &. common, 

they are fimilar (B. 6. pr. 24); 

but et ss A EARS ¢ SN om ee ee ME 

(hyp.), 

——- eRe Fee (B. 5. pr. Oe) 

which is abfurd. 

oo gem, is not the diagonal of LT 

in the fame manner it can be demonftrated that no other 

line is except 

QO. E. D. 
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ep all the rectangles 

‘ \ contained by the 

| I fegments of a given 

ee oN ftraight line, the 

greateft is the fquare which 1s 

defcribed on half the line. 

Let @" meee be the 

given line, == and —=_===—<_ unequal fegments, 

ANd —mmemme 91)(] meme equal fegments ; 

For it has been demonftrated already (B. 2. pr: 8), tae 

the fquare of half the line is equal to the rectangle con- 

tained by any unequal fegments together with the {quare 
of the part intermediate between the middle point and the 
point of unequal fection. The {quare defcribed on half the 

line exceeds therefore the rectangle contained by any un- 
equal fegments of the line. 

1 sod cee BP 



BOOK Vi, PROP AAV IY, PROB. 20% 

ge O divide a given 

ftraight line 

fo that the rec- 

Pine contained by its segments 

may be equal to a given area, 

not exceeding the fquare of 

half the tine. 

Let the given area be = s=seacescneassssens *, 

Bifect «+0es 

make 22 ® V © ROS == rt ttt? ttt ie 

and it oo on wt we commen 2 ——~ ee 2 

the problem is folved. 

[ee steeeeee P Draw 

make PAs —_ Bee cn =) fo em oe me es a = 

With qmmmmeseeweear= as radius defcribe a circle cutting the 

given line ; aw —_—_—, 

Then 22m ae » 4 FRTRESATOISN WW 8 TY Sp aemceccone * Ee 

(ae piss.) oe on, 

But ee fe * 

CDaie pis 27 ).5 
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women xX oa 2 

— sa Wb! 5 

from both, take ————= ?, 

and «= \< arene = sammomenmmn 7, 

But cme enna epee = (Conit:), 

ANd .°, ea = mmm ae mm me is fo divided 

that 8 3 eeereee eee ween, 

OLE: Dy 
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a) O produce a given ftraight 

line (——mmmnenn), fo 

@| that the rectangle con- 

ipumiates| tained by the Jegments 

ae the extremities of the given 

line and the point to which it 1s pro- 

duced, may be equal toa given area, 
ATTRA R ELE LETTER, TS 

oy 

1.e. equal to the {quare 0) ———, Sees 

Make AAT: — get hol and 

draw ee oe eae ee ee Se ee ac8RRe ee — | 

draw $ and 

with the radius , defcribe a circle 

Meeting ee wna eee - produced. 

Then cmeentste ics SX come: cf sewens-=- 7 = 

us an ws mesesoemnenmn 7 (B. 2 pr. 6.) = 2. 

But «mms ? cence a se senesnne a? (B I pr. 47.) 

og ANNE 1S BE HE BH Rn >< NARA ARLE NR + ws ogame eaean —, 

atadnenae* + Sead 2s oe a om es 

from both take -au=se0. Se 

and ee ecieneen eel Le he x omemmeamuem: me SHEESH BEES ae 

but <ssss808. = ecm, 

ofg TEE aeeee * = the given area 

Q.E.D 
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Pee O cut a given finite firaight line (—emmmvers ) 

ae in extreme and mean ratio. 

= On sme--s+ defcribe the fquare Y 

(B. 1. pr. 46); and produce mummmsms » {0 that 

Te >. 4 SBS 08 eR wee, | OE Ps Z 

é [Bz O2 pr 29)4 

take nen NOE a 

; and draw AI {| RO ST Dg 

: MCCtiNG onsamsmmm {| cmeserees (BLT. pr. 218 
Beretta 

Then fama aera fiw eee > 4 Risa eee * 

an is) |: and if from both thefe equals 

be taken the common part e ‘ 

: |. which is the {quare of ———meme , 

will be poe [. which 1S ae a indies eee ea x eee Ed 8 ed 3 

that 1S cicaiashaadiaigeonss Se x re oe : 

- ° m—momumeumus °° quaumemmunmmummm ‘© mr ce pe ran mmm nme 
ee Eee ee e ee e ° 

and qamsssseexe 1S divided in extreme and mean ratio. 

(B. 6. def. 3). 

0. Ea 
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eae F any fimilar reétilinear 
He y I y fEwres be fimilarly defcribed 

| on the fides of a right an- 

led ae, ( ’ fee ), the figure 

defcribed on the fide (#+11:-ememme') /ub- 

tending the right angle ts equal to the 

Jum of the figures on the other fides. 

From the right angle draW —_= perpendicular 

9 
(TO a» 22" see 

then sessacsmmmmmmme $ cen 990 S  casemmagunginenmess 

(B. 6. pr. 8). 

e 

(Ba 0, pty 20): 

e 

ot ee oe: +4 B2e 266 Que 6 CH SRS PTSRRO 

(B. 6. pr. 20). 

but CE OeaaRE ED -- ai me as 

nis e+ = oe 
O78. D: 
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~~ F ¢wo triangles ( y a and 

A i Vy , vow have two fides pro- 

SAN. portional ( 

eee 2 mranuseaese), nd be fo placed 
at an angle that the homologous fides are pa- 

ang wmrveaware » ) jorm rallel, the remaining fides ( 

one right line. 

DINGS saseios) (1 Lvenivenn = 

& - 7, (Ber Pr.020)s 

and alfo fince {| éieunivigas : 

v = & | B. 1. pr. 29); 

a B 255i 

: 2 sameness | Sau eseS (hyp.), 
the triangles are equiangular (B. Obie OG) 

. =A: 
but S -V, 

.4+9:A-4-+4+a- 
Clay (B. 1. pr. 32), and ,°*, =e and -=nansane- 

lie in the fame ftraight line (B. 1. pr. 14). 

Q.E. D. 
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preg N equal circles C) = é \, angles, 

whether at the centre or circumference, are 

BH in the fame ratio to one another as the arcs 

on which they ftand a | : Ve —e >) 

fo alfo are feétors. 

Take in the circumference of C) any number 

of arcs em, meme , &c. cach == sm, and alfo in 

the circumference of - take any number of 

ALCS tereeses g Tienes » &c. each => se , draw the 

radii to the extremities of the equal arcs. 

Then fince the arcs =e, =m, mmm, &c. are all equal, 

the angles 4. 4. \. &c. are alic equal (B. 3. pr. 27); 

oe: A is the fame multiple of 7 | which the arc 

Cee™ iS of mmm 3 and in the fame manner b 

is the fame multiple of é. which the arc “wr. ...,. a0” 

is of the arc ‘sma . 
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Then it is evident_(B. 3. pr. 27), 

if A (or if m times 4 OEE nt a | “oo 

(or 2 times }j 

then “ecums™ (OF m times —) Cyd 

i we (or 2 times momens) § 

oe 4. ae wom = encom 5 (Bi 6 deh eh or die 
angles at the centre are as the arcs on which they ftand; 

but the angles at the circumference being halves of the 

angles at the centre (B. 3. pr. 20) are in the fame ratio 

(B. 5. pr. 15), and therefore are as the arcs on which they 
{tand. 

It is evident, that feGtors in equal circles, and on equal 

arcs are equal (B. 1. pr. 4; B. 3. prs. 24, 27, and def. 9). 

Hence, if the fectors be fubftituted for the angles in the 

above demonftration, the fecond part of the propofition will 

be eftablithed, that is, in equal circles the feétors have the 

fame ratio to one another as the arcs on which they ftand. 

Q.E. D. 
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ee F the right line (wamusues iy 

* 

*s 
POSER ER eR ee shone im 

Jide ( ) produced, that whole produced fide (—emnnnee), 

and tts external fegment («=s=e=e») will be proportional to the 

fides (vanes G21 —<oommm), which contain the angle 

adjacent to the external bifected angle. 

For if ean ALORA be drawn {| anwweoesew . 

then e = \ y AiG svgelen ce ie 

= , oe 

— g. (oat Ple9)s 

and ane suaInnase emma g (B. Ls pr. O\, 

and SRO OF SS ee i eencapnantusunnnaiedionss iii ST OS OE OE : cs om ee ° 

(B. 5. pr. 7); 
But alfo, 

REED ROBITE e S5Se6 C6 SERSSRES RS 8 So Es aseeee S smereBRemeee 

A, One pt 24% 

and therefore 

Pe EE EE Bd e Pr omeseer 06 ® 
€ ED Gems ee 

ee o g 

riot. 11h 
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‘e at’ an angle of a triangle be bi- 

ata) p Jected by a firaight line, which 

| Ve 4 likewife cuts the bafe; the rec- 

srt tangle contained by the fides of 

the triangle 1s equal to the rectangle con- 

tained by the fegments of the bafe, together 

with the fquare of the ftraight line which 
bifects the angle. 

be drawn, making 

a ae b. then fhall 

2 Kn XK et 

About aN defcribe C) Ba 4s pire 

produce ~~~". to meet the circle, and draw ssaassaum, 

Since é = A (hyp.), 

and i, = = CB ray. pre ils 

ie A and \ are equiangular (B. 1. pr. 32); mecooereg 

SPR ee ood ee = . oo SHTChs mee 86° 

(Begs pred ie 
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x = Gy ENE 

(5. 0. pr-t6:) 

= «<«acenes > Conca +. = ene 

(Bcgnpr.- 3) 5 

but “Sean ae oe >< LTT TS ana oe eS ae Os Oe ee oF xX _ cealeeaiiSaacenr eeineseraeatiee. 

(Bsod sein 2.5) 

Rs | a 
seictledenla —r af 2 

Qn E. D. 

MM 



266 BOOKTVI. PROP. CG) Vier, 

meg from any angle of a triangle a 

Raf] fraight line be drawn perpenat- 
Neel cular to the bafe; the rectangle 

2 4) contained by the fides of the tri- 
angle 1s equal to the rectangle contained by 

"| the perpendicular and the diameter of the 
| circle defcribed about the triangle. 

draw een RA Kewes al. 1, then 

fhall Santa nms 4 —mmies wee a ae ae >< the 

diameter of the defcribed circle. 

Defcribe rar (B. 4. pr. 5), draw its diameter 

ome 4 and draw wmmmmme § then becaufe 

& _ tS ( conit. and B. 3. pr. 91); 

and a — BR Br 3. pt.21) 

wt 
om ; 

<« dhtteunine, 1 equianenlar 4 (B. 6. pr: 4)3 

and ,°, ssumesnne x —! =" ssedesenmn x ee eee 

(Be 6..preig). 

Oo ED, 
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PEEP AHE rectangle contained by the 
ee diagonals of aquadrilateral figure 

Bal infcribed in a circle, ts equal to 

EROS) Loth the rectangles contained by 

its ia, ite fides. 

be any quadrilateral 

figure infcribed in C): and draw 

ame 8 RRA and eee eS then 

th) > 4 A aaa oe > 4 cciaceepiantiniatinams = ox RANT >< aeuessanae | 

Make A — v (Biicpr, 23), 

© e668 85S Bie ee 
e 

and o TTT »4 me > 4 meee ee 6 eee eS 

(Be 6s pr. 10); again, 

becaufe A — v (contt.), 
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ca = & (Bea pige2 Ds 

(Be Gopi a) 

and og NEU x< ommeasnesy lo ©: a ebeoeoee x ew 

(Br Oa pr. ro) 5 

but, from above, 

—e —— Dy, Ge 
og feet a eam < A LL msreecenes x< eral ~~ ec rimieatrerin! DM sade 

(Be eng eral 

OVE 

THE END. 
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